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We propose a general topology-optimization framework for metasurface inverse design that can
automatically discover highly complex multilayered metastructures with increased functionalities. In
particular, we present topology-optimized multilayered geometries exhibiting angular phase control,
including a single-piece nanophotonic metalens with angular aberration correction, as well as an angle-
convergent metalens that focuses light onto the same focal spot regardless of the angle of incidence.

DOI: 10.1103/PhysRevApplied.9.044030

I. INTRODUCTION

Phase-gradient metasurfaces [1] have recently received
widespread attention due to their successful applications in
important technologies such as beam steering, imaging, and
holography [2–4]. Although they offer many advantages in
terms of size and scaling over traditional refractive bulk
optics, their capabilities are limited with respect to spectral
and angular control [5,6]. Theoretical analysis of ultrathin
metasurfaces suggests that, to circumvent such limitations,
it might be necessary to employ exotic elements such as
active permittivities (e.g., optical gain), bianisotropy, mag-
netic materials, or even nonlocal response [5]. Although
materials with such properties might be found in the rf
regime, they are not readily available at optical frequencies.
Alternatively, device functionalities may be enhanced by
increasingly complex geometric design. For instance,
multifunctional devices have been demonstrated by cascad-
ing a few layers of metasurfaces, each of which comprises
typical dielectric materials [7,8]. So far, most of these
multilayered metastructures (MMSs) fall into a category of
structures where the layers are sufficiently far apart from
each other and can be considered independently.
In this article, we introduce a different class of MMSs

involving several tightly spaced layers which allow richer
physical interactions within and between layers and thereby
offer increased functionality. The key property of these
MMSs is that the layers cannot be treated independently of
each other but must be considered integrally in the design
process. Such a consideration often leads to a greatly
extended design space that cannot be handled by traditional
design methods, which rely on precompiled libraries of
intuitive geometrical elements. Below, we propose a gen-
eral topology-optimization (TO) framework that can

automatically discover highly complex MMSs with broad
functionalities. As a proof of concept, we present two TO
multilayered geometries exhibiting angular phase control: a
single-piece nanophotonic metalens with angular aberra-
tion correction [Fig. 1(a)] and an angle-convergent metal-
ens that focuses light onto the same focal spot regardless of
incident angle [Fig. 1(b)].

II. INVERSE-DESIGN FORMULATION

TO is an efficient computational technique that can
handle an extensive design space, considering the dielectric
permittivity at every spatial point as a degree of freedom
(DOF) [9,10]. A typical TO electromagnetic problem can
be written as

max
fϵ̄g

F ðE; ϵ̄Þ; ð1Þ

GðE; ϵ̄Þ ≤ 0; ð2Þ

FIG. 1. Schematics (not to scale) of (a) a single-piece nano-
photonic aberration-corrected metalens and (b) an angle-
convergent metalens. The metalens ensures diffraction-limited
focusing under general oblique incidence θinc either (a) onto a
laterally shifted focal spot or (b) onto the same on-axis focal spot.*zinlin@g.harvard.edu
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0 ≤ ϵ̄ ≤ 1: ð3Þ
Here, the DOFs fϵ̄g are related to the position-dependent
dielectric profile via ϵðrÞ ¼ ðϵst − ϵbgÞϵ̄ðrÞ þ ϵbg, where
ϵst ðbgÞ denotes the relative permittivity of the structural
(background) dielectric material. While ϵ̄ may take inter-
mediate values between 0 and 1, one can ensure a binary
(digital) structure via penalization and filter projection meth-
ods [10]. The objectiveF and constraint G are often functions
of the electric field E, a solution of Maxwell’s equation,

∇ ×
1

μ
∇ ×E − ϵðrÞω

2

c2
E ¼ iωJ; ð4Þ

which yields the steady-state Eðr;ωÞ in response to incident
currents Jðr;ωÞ at a given frequency ω. While the solution of
Eq. (4) is straightforward and commonplace, the key to
making optimization problems tractable is to obtain a fast-
converging and computationally efficient adjoint formulation
of the problem together with powerful mathematical pro-
gramming routines such as the method of moving asymptotes
[11,12]. Within the scope of TO, the key to formulating a
tractable optimization problem involves efficient calculations
of the derivatives fð∂F Þ=½∂ϵ̄ðrÞ�g; fð∂GÞ=½∂ϵ̄ðrÞ�g at every
spatial point r, performed by exploiting the adjoint-variable
method [10].
Recently, inverse-design techniques based on TO have

been successfully applied to a variety of photonic systems
including on-chip mode splitters, nonlinear frequency
converters, and Dirac-cone photonic crystals [10,13–20].
However, to the best of our knowledge, there is an apparent
lack of large-scale computational techniques specifically
tailored for metasurface design, with the possible exception
of Ref. [21], which is limited to grating deflectors. Here, we
introduce a general optimization framework for designing a
generic meta-optics device, single or multilayered, with an
arbitrary phase response. The key to our formulation is the
familiar superposition principle: given a desired phase
profile ϕðrÞ, the ideal wave front eiϕðrÞ and the complex
electric field EðrÞ will constructively interfere if and only if
their phase difference vanishes. Defining EðrÞ ¼ EðrÞ · ê
for a given polarization ê, we define the following
optimization function:

F ðϵ̄Þ ¼ 1

V

Z jEðrÞ þ eiϕðrÞj2 − jEðrÞj2 − 1

2jEðrÞj dr; ð5Þ

where V ¼ R
dr and the spatial integration is performed

over a reference plane (typically one or two wavelengths
away from the metadevice) where ϕðrÞ is defined. Note that
F is none other than a spatially averaged cosine of the
phase difference between eiϕðrÞ and EðrÞ,

F ðϵ̄Þ ¼ 1

V

Z
cos ½argEðrÞ − ϕðrÞ�dr;

with the propertyF ≤ 1. Therefore,F can be used to gauge
and characterize the performance of the device under
construction, with F ≈ 1 indicating that the algorithm
has converged to an optimal solution. In practice, the
optimization algorithms discover devices with F ≈ 99%
for many of the problems under investigation.

III. ANGULAR PHASE CONTROL

An attractive feature of nanoscale metadevices is their
potential for arbitrary wave-front manipulation under
various control variables, including wavelength, polariza-
tion, and incident angle. Although spectral and polarization
control have been explored in a number of previous works
[2,22], to the best of our knowledge, angular control has not
been achieved so far. In fact, realizing angular control in
traditional single-layer ultrathin metasurfaces might prove
fundamentally impossible since the interface is constrained
by generalized Snell’s laws [1]. On the other hand, MMSs
with thicknesses on the order of a wavelength or more
(whose internal operation cannot be described via ray
optics) can overcome such a limitation; in principle, they
can be engineered to exhibit directionality even though
conventional approaches which rely on intuitive hand
designs might prove unequal to such a task. Here, we
leverage our optimization algorithm to develop multifunc-
tional structures where an arbitrary phase response that
varies with the angle of incidence can be imprinted on the
same device.
The traditional objective in the design of metalenses is

the creation of a single hyperbolic phase profile, ϕðrÞ ¼
ϕ0 − ½ð2πÞ=λ�½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2 þ ðr − r0Þ2

p
− f�, characterized by the

focal length f, in response to a normally incident plane
wave [2]. Here, r0 denotes the center of the lens, whereas
ϕ0 denotes an arbitrary phase reference that can be varied as
an additional degree of freedom in the metasurface design
[23]. As discussed in Ref. [24], such a design is free of
spherical aberrations but still suffers from angular and off-
axis aberrations such as coma and field curvature. These
errors arise out of an incorrect phase profile that skews the
oblique off-axis rays. A corrected phase profile free from
aberration is therefore necessarily angle dependent, as
given by

ϕðr;θincÞ¼ϕ0ðθincÞ−
2π

λ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2þðr− r0−f tanθincÞ2

q
−f

�
:

Note that the above expression can be deduced by con-
sidering the optical path-length contrast between a generic
ray and the orthonormal ray directed towards a focusing
spot laterally shifted by f tan θinc [see Fig. 1(a), blue dashed
line]. Here, we leverage our TO algorithm to design a 2D
miniature angle-corrected metalens that exactly embodies
the ideal angle-dependent phase profile given above. Note
that, though our miniature design is a proof-of-concept
theoretical prototype, it is completely straightforward
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(though computationally intensive) to design a full 3D
wide-area (centimeter-scale), single-piece, monochromatic,
aberration-free lens using our TO technique. We emphasize
that such a “next-generation” lens fundamentally differs
from the traditional aberration-corrected doublet because
the latter exclusively relies on classical ray-tracing tech-
niques, whereas the former intricately exploits nanoscale
electromagnetic effects to achieve angular control. On the
other hand, it should be noted that, since the performance of
our multilayer devices intimately depends on near-field
electromagnetic interactions within and between layers, the
standard perturbation theory [25] implies that the device
will be most sensitive to structural perturbations where the
field is strongly concentrated, while, overall, it should be
robust roughly up to within a wavelength of misalignment
between the layers.
We design a lens with a NA of 0.35 and a focal length of

30λ. The device consists of five layers of topology-
optimized aperiodic silicon gratings (invariant along z)
against an amorphous alumina background [Fig. 2(a)].

Each silicon layer is 0.2λ thick and is separated by 0.1λ
alumina gaps. We specifically choose silicon and alumina
with a view to eventual fabrication at mid- or far-IR
wavelengths (5–8 μm) by stacking patterned 2D slabs
via repeated lithography, material deposition, and planari-
zation processes [26,27]. The entire lens has a thickness of
1.5λ, offering ample space for complex electromagnetic
interactions while, at the same time, maintaining orders-of-
magnitude-smaller thickness compared to traditional multi-
lens systems. The lens is aberration corrected for four
incident angles f0°; 7.5°; 15°; 20°g, as well as their negative
counterparts f−7.5°;−15°;−20°g [28]. Note that the largest
possible angle for diffraction-limited focusing is approx-
imately 21° and is determined by the numerical aperture.
For simplicity, we consider off-axis propagation in the x-y
plane with an s-polarized electric field parallel to the
direction of the gratings, E ¼ EðrÞẑ. A finite-difference
time domain (FDTD) analysis of the far field [Fig. 2(b)]
reveals focusing action with diffraction-limited intensity
profiles [Fig. 2(c)], while the transmission efficiencies

(a)

(b) (c)

(d)

(e)

FIG. 2. (a) Multilayered miniature 2D lens (NA ¼ 0.35, f ¼ 30λ) which is aberration corrected for four incident angles
f0°; 7.5°; 15°; 20°g. Note that, by virtue of symmetry, the lens is automatically corrected for the negative angles as well
f−7.5°;−15°;−20°g. The lens materials consist of five layers of silicon (black) in alumina matrix (gray). (Inset) A portion of the
lens is magnified for easy visualization; the smallest features (such as those encircled within the blue dotted oval lines) measure 0.02λ,
while the thickness of each layer is 0.2λ. (b) FDTD analysis of the far-field profiles (density plots) reveal focusing action for the four
incident angles. Note that the location of the focal plane is denoted by a white dashed line. (c) The field intensities (the circle points) at
the focal plane follow the ideal diffraction limit (the solid lines). Note that the intensities are normalized to unity for an easy comparison
of the spot sizes. (d) The corresponding phase profile (the red circle data points) for each angle is measured at a distance of 1.5λ from the
device, showing good agreement with the ideal profile (the black solid line). (e) Near-field profiles with almost perfect outgoing
spherical wave fronts.
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average around 25% for the four angles. To evaluate the
deviation of our design from the ideal phase profile, we
compute the wave aberration function (WAF) for each
angle [24], obtaining WAFð0°;�7.5°;�15°;�20°Þ ¼
ð0.07; 0.04; 0.06; 0.08Þ, which clearly satisfies the
Maréchal criterion WAF ≤ 1

14
, except for the 20° incident

angle. The errors in the latter case primarily arise from the
difficulty over optimizing the extremities of the lens, which
can be mitigated by extending the optimized lens area (or,
equivalently, designing a larger NA). It is worth noting
that the residual phase errors apparent in the optimized
design primarily stem from a need to force the optimal
design to be binary while being constrained by a limited
resolution. In this work, we implement a spatial resolution
step size Δr ¼ λ=50 over a 23λ-long simulation domain,
while our optimization algorithm handles approximately
5600 degrees of freedom. These parameters are solely
dictated by the limited computational resources currently
available to us. We find that, without the binary constraint
(i.e., when each DOF is allowed to take intermediate values
between 0 and 1), the optimal designs easily achieve perfect
phase profiles with WAFs smaller than 0.01. We expect
that, given better computational facilities, optimization over

higher resolution domains will lead to fully binary struc-
tures that also preserve vanishing WAF ≈ 0.
Next, to demonstrate the versatility of our approach,

we design a 2D metalens that focuses light onto the same
spot regardless of the angle of incidence [Fig. 1(b)]—a
device which we will choose to call angle-convergent
metalens. Specifically, we impose the phase profile ϕðrÞ¼
ϕ0ðθincÞ−½ð2πÞ=λ�½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f2þðr−r0Þ2

p
−f� on the outgoing field

under multiple discrete incident angles f0°;�3°;�6°;�9°g.
The lens has a NA of 0.35 and a focal length of 30λ. The
lens materials consist of ten layers of 0.05λ-thick silicon in
silica separated by 0.05λ gaps [Fig. 3(a)], making the entire
device approximately 1λ thick. Such a device can be
fabricated using advanced 3D photonic integration tech-
niques [26], including those enabled by CMOS foundries
[29]. A far-field analysis [Fig. 3(b)] shows focusing action
at the same focal spot for all of the angles. Although the
field intensities at the focal spot do not exactly follow the
profile of an ideal Airy disk due to residual phase errors,
their bandwidth (also known as full width at half maxi-
mum) clearly satisfies the diffraction limit [Fig. 3(c)]. The
diffraction-limited focusing is also consistent with small
WAFs which are found to satisfy the Maréchal criterion:

(a)

(b) (c)

(d)

(e)

FIG. 3. (a) Multilayered miniature 2D lens (NA ¼ 0.35, f ¼ 30λ) that exhibits on-axis focusing for the incident angles
f0°;�3°;�6°;�9°g. The lens materials consist of ten layers of silicon (black) in silica matrix (gray). (Inset) A portion of the lens
is magnified for easy visualization; the smallest features (such as those encircled within blue dotted oval lines) measure 0.02λ, while the
thickness of each layer is 0.05λ. (b) FDTD analysis of the far-field profiles (density plots) reveal the same focal spot for the different
incident angles. Note that the location of the focal plane is denoted by a white dashed line. (c) The intensities (symbolic data points) at
the focal plane follow the on-axis ideal diffraction limit for all of the incident angles (the solid line). (d) The corresponding phase profile
(the red circle data points) for each angle is measured at a distance of 1.5λ from the device, showing good agreement with the ideal
profile (the black solid line). (e) Near-field profiles with almost perfect outgoing spherical wave fronts.
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WAFð0°;�3°;�6°;�9°Þ¼ ð0.02;0.04;0.04;0.02Þ< 1=14.
The transmission efficiency of the device averages around
15% over all angles.

IV. CONCLUSION AND OUTLOOK

To summarize, we propose in this paper a general
optimization framework for the inverse design of multi-
layered metaoptics. We leverage our formulation to engi-
neer angular phase control in a multilayered metalens. It is
important to note that, in this paper, as we focus on
establishing the validity and versatility of our optimization
approach via “proof-of-concept” 2D designs, we do not
seek to pursue the “best possible practical device” for any
particular problem that we choose to investigate. For
example, the number, positioning, and thicknesses of layers
are arbitrarily chosen in each problem. It is entirely possible
that, depending on the desired level of performance, one
can achieve viable designs using fewer and/or thicker
layers, which could render the entire device even thinner
and easier to fabricate. Furthermore, it is conceptually
straightforward to design a full 3D device by setting up a
collection of parallel disjoint tasks, with each optimizing a
sizable fraction of the device that can be managed by an
efficient frequency-domain electromagnetic solver [30].
Though by no means infeasible, such an undertaking
does require significantly more computational resources
than are currently available to us and will be pursued in
future works.
While the optimization framework we propose exclu-

sively focuses on phase, work is currently under way to
implement additional features such as amplitude uniformity
and high-efficiency constraints, which can be straightfor-
wardly added to our formulation. Although the addition of
extra conditions would presumably strain the optimization
process, we expect that a full 3D multilayered device
platform should be able to accommodate any additional
demands. In particular, expanding to 3D means another
huge leap in the number of degrees of freedom available,
which might even make the optimization process easier
[31]. With more DOFs, more constraints can be added, such
as a constraint requiring that transmission be more than a
desired percentage. Furthermore, it is well known that
backscattering may be eliminated by specific modal inter-
actions, such as balanced electric and magnetic dipoles
[32]. Within the scope of 3D TO, such interactions may be
readily inverse designed [19]. Ultimately, we surmise that
multilayered volumetric structures (no more than a few
wavelengths thick) will help deliver unprecedented wave-
front manipulation capabilities at the nanoscale that involve
phase, intensity, and polarization control, as well as spectral
and angular dispersion engineering altogether in a single
device. The TO technique is by far the most efficient tool
that can handle the enormous design space available to such
platforms. Although the fabrication of multilayered nano-
structures might prove to be challenging for shorter

operational wavelengths, it can be readily implemented in
mid- to far-IR regimes through state-of-the-art 3D fabrication
technologies [26] such as two-photon lithography [33] and
laser writing processes [34], advanced foundry access [29],
and ultrahigh-resolution EUV lithography [35].
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