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Design of Efficient Resonator-Enhanced
Electro-Optic Frequency Comb Generators
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Abstract—Resonator-enhanced electro-optic (RE-EO)
frequency comb generators produce broad combs by coupling
an optical field to a resonator containing a phase modulator
driven at a harmonic of the resonator free spectral range (FSR).
Recent advances in integration technologies have opened up the
possibility of fabricating low-loss, efficient, and tunable ring-based
RE-EO comb generators. In this work, we analyze the properties
of a canonical ring-based RE-EO comb generator and propose
a new dual-ring comb generator to increase comb conversion
efficiency, an especially important characteristic for comb-based
optical communications systems. After a brief review of RE-EO
comb generator properties in the case of resonant operation, i.e.,
when the optical frequency and the modulation frequency are
harmonics of the resonator FSR, we analyze the effect of input
optical phase noise and modulation phase noise on the resulting
comb. Additionally, we show analytically that in non-resonant
operation the optical frequency offset and the modulation
frequency offset can be much larger than the linewidth of the
resonator, increasing the tolerance to fabrication errors. Then,
we develop and validate numerical models to predict the output
spectrum in the presence of dispersive waveguides, which cannot
be modeled analytically. Using these accurate models, we analyze
a dual-ring RE-EO comb generator that uses a small coupling
ring to increase the conversion efficiency to 32%, compared to
the 1.3% efficiency of a single-ring RE-EO comb generator. We
then analyze a point-to-point inter-data center optical link and
determine that a dual-ring RE-EO comb generator can support
high-capacity coherent links at 20 Tb/s per fiber.

Index Terms—Electro-optic modulation, integrated optics,
optical communications, optical frequency combs.

I. INTRODUCTION

PTICAL frequency combs have uses ranging from
metrology and precision time-keeping to spectroscopy
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and optical communications [1]-[3]. Often, these varied appli-
cations require combs with vastly different characteristics. For
example, precision timing applications require combs that span
a full octave [4], while applications in spectroscopy and optical
communications often require combs whose frequency spacing
can be easily changed [5]. For use in optical communications,
the primary application of this paper, combs may have narrower
width than in other applications but must be flat and have high
optical power.

Optical frequency combs can be generated by several different
methods. Mode-locked lasers, for example, can output wide
combs in different wavelength ranges [6]. Frequency combs
can also be generated through parametric generation, via the
X(S) nonlinearity in optical fibers or resonant structures [7]—[9].
Recently, comb generators based on high-() nonlinear resonators
have garnered considerable attention due to their desirable out-
put properties [10], [11]. However, the formation dynamics of
these comb generators is complex and their noise properties are
still not fully understood [12], [13]. Finally, flat and high-power
combs useful for optical communications can be generated by
electro-optic (EO) modulation of a single-frequency optical
field [14], [15], but the electrical power consumption of these
comb generators is often too high [16].

Resonator-enhanced electro-optic (RE-EO) comb generators,
which couple light into free-space or fiber-based resonators
containing an EO modulator, have been studied for over four
decades [17]-[19] and are more efficient than comb generators
based on cascaded modulation [20]. Early RE-EO comb gen-
erators, implemented in lossy free-space resonators with bulky
components [18], [21], [22], are sensitive to fluctuations in the
input optical frequency and modulation frequency, increasing
the locking requirements of the comb generator [20]. Recent
advances in low-loss integrated technologies have enabled RE-
EO comb generators whose modulation frequency can equal the
resonator free spectral range (FSR), corresponding to a different
regime of operation [23]-[25]. The effects due to a non-resonant
input optical frequency and modulation frequency have been
discussed in experimental contexts before [19], [26], but an exact
analytical form for the output has not been determined.

Additionally, low coupling between the input optical field and
the resonator is crucial to ensure that the intra-resonator optical
field is modulated many times before being output-coupled,
but results in conversion efficiencies less than 5% [19]. This
low conversion efficiency is common amongst most resonator-
based comb generators, including those made from materials

0733-8724 © 2020 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: Stanford University. Downloaded on March 20,2020 at 20:38:46 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0000-0002-8662-1160
https://orcid.org/0000-0002-5029-5017
mailto:buscaino@stanford.edu
mailto:jmk@ee.stanford.edu
mailto:mianzhang@g.harvard.edu
mailto:loncar@seas.harvard.edu
http://ieeexplore.ieee.org

BUSCAINO et al.: DESIGN OF EFFICIENT RESONATOR-ENHANCED ELECTRO-OPTIC FREQUENCY COMB GENERATORS

P Eoult)

Fig. 1. Resonator-enhanced electro-optic (RE-EO) frequency comb generator.
Light is coupled into the resonator with coupler power transmission k and power
insertion loss +. In the resonator with FSR w,. the light experiences round
trip power loss (1 — «) and ideal, lumped phase modulation with modulation
frequency w;, and modulation index . The intra-resonator field F.(t) is
discussed in detail in Section IV-B.

Ein(t)

with high x® nonlinearity. Nevertheless, free-space RE-EO
comb generators with higher conversion efficiencies have been
experimentally demonstrated by including an additional cou-
pling resonator before the comb-generating resonator [27], [28].
While this concept is common for free-space comb generators,
a dual-resonator design tailored to integrated ring-resonators is
not well-known.

In this work, we derive an analytical model for the output spec-
trum and noise properties of aring-based RE-EO comb generator
inresonant and non-resonant operation, i.e., when the optical and
modulation frequencies are resonant and non-resonant with the
FSR, respectively. To model frequency-dependent propagation
such as dispersion, which cannot be modeled by the first ana-
lytical model, we develop and validate two additional models,
one analytical and one numerical, to determine the output comb
spectrum. To increase the output optical power of the comb, we
propose a dual-ring RE-EO comb generator that is composed
of a small coupling ring, which traps light at the input optical
frequency and a larger comb-generating ring that contains a
phase modulator. This dual-ring comb generator design offers
an average increase in comb line power of 14 dB compared to a
single-ring comb generator and meets the optical signal-to-noise
ratio (OSNR) requirements of an inter-data center wavelength-
division-multiplexed (WDM) optical communications link.

The structure of this paper is as follows. Section II briefly
reviews previous work on ring-based RE-EO comb generators
and extends that analysis to predict the output power spectrum
and noise properties of RE-EO comb generators in resonant
operation. Section IIT analyzes the output comb properties of a
non-resonant RE-EO comb generator. Section IV introduces two
methods of approximating the output spectrum in the presence
of frequency-dependent effects, such as dispersion. Section V
proposes a design for a dual-ring RE-EO comb generator and
demonstrates its utility for optical communications systems.
Section VI provides a brief conclusion.

II. RESONANT OPERATION

This section analyzes the output properties of an RE-EO
comb generator when both the input optical frequency and
the modulation frequency are resonant. Fig. 1 illustrates a
canonical RE-EO comb generator based on a ring resonator.
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A single-frequency optical field Ei,(t) = By etwot g coupled
into a resonator that contains a phase modulator. Once inside
the low-loss resonator, light passes through the phase modulator
many times, accumulating a sinusoidal time-dependent phase,
before being output-coupled into the original waveguide. The
complex output optical field, Eo,4(t), can be expressed as an
infinite sum of time-shifted, phase-modulated copies of the input
optical field [18]

Eout(t) (]- - k)ElH( )

1—
_ 7 BF (Wm,t) —
ky| —— Tk E r’e’ Ein(t—nT), (1)

where the parameters k and -y are the coupler power transmission
and the power insertion loss, respectively. The resonator has
a FSR of w, at the input optical frequency wy and round-
trip time 7" = 27 /w,.. The cumulative round-trip field gain is
r = /a(l —v)(1 — k), where the light experiences round-trip
power loss (1 — «). Ideal, lumped phase modulation occurs at
modulation frequency w,, and modulation index 3. We define a
cascaded modulation function

t) = sinwy(t —iT), )

where the term SF),(w,,t) is the accumulated time-dependent
phase of the internal field in its nth round trip. Notably, the
second term in (1) contains an additional factor of \/k/(1 — k)
compared to the derivation in [18].

When the optical input frequency and the modulation fre-
quency are resonant with the FSR (wy 1" and w,,,T" are integer
multiples of 27, respectively), the output optical field is [18]

Eout(t) = /(1 =) (1 — k) Eipetot
1— v ,,,eiﬁ sin wy, t
- k 1— k 1— reiﬁsinwmt

Fig. 2(a) shows the intra-resonator power spectrum for k =
0.03,7 =0, =0.95, 8 = n/2, and P, = |Fi,|> = 1. These
values are consistent with state-of-the-art fabrication technol-
ogy [23], [29] and unless otherwise noted, these are the default
parameters used for the rest of this paper. The intra-resonator
optical field is composed of hundreds of single-frequency com-
ponents spaced at the modulation frequency, with a large dip at
the center frequency. The output comb, however, has a large
peak at the input optical frequency due to the unmodulated
light that passes through the coupler. The horizontal axis in
Fig. 2(a) is frequency, normalized to the resonator FSR (i.e.,
p = w/w,.). In following figures, when comb spectra are plotted,
we omit the vertical lines that indicate the comb is composed of
distinct frequency components and instead show only the comb
envelope.

Fig. 2(b) shows the intra-resonator temporal power profile.
Inside the resonator, phase modulation induces pulse forma-
tion when the previously mentioned resonant conditions are
satisfied. Notably, while the periodicity of the temporal power
profile is twice the modulation frequency, the periodicity of the

Eyeiot.  (3)
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Fig. 2. Properties of the intra-resonator field of a RE-EO comb generator.
(a) Power spectrum of the intra-resonator optical field. (b) Temporal power
profile inside the resonator, demonstrating pulse formation.

optical field is equal to the modulation frequency due to the
time-dependent phase of the output optical field [30].

A. Output Power Spectrum

Simplified analytical models have been previously developed
for RE-EO comb generators based on free-space Fabry-Pérot
resonators but can be adapted to RE-EO comb generators based
on ring resonators. For example, the power in the pth comb
line of a ring-based RE-EO comb generator is approximately

(B < mp#0)[19]

—lp|(1-r2)

P, o e 25 @)

Increasing the modulation index S and round-trip field gain r
results in broader comb formation.

An analytical solution valid for all cases can be determined
when both the input optical frequency and modulation frequency
are resonant. By applying a Jacobi-Anger expansion [31] to (1),
the output optical field is

Eous(t) = /(1 = 7)(1 — k) Eipei«ot
l]-*FYA - - n i(wo+pwm )t
—k’ lTkEin Z ZT Jp(ﬂn)e 0P 5

p=—oon=1
)
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Fig. 3. Comb spectra as a function of comb line number p for various
parameters. (a) Comb spectra P, for different modulation indices (3. For
B > 2, the output comb is highly non-uniform and chaotic. (b) Comb spectra
P, for different coupler power transmissions k. Decreasing k increases the
flatness of the comb but reduces the total comb conversion efficiency 7).

where .J,, is the pth order Bessel function of the first kind. The
power in the pth comb line is then

2

Py =1 =71 —k)Pn (6

E o= .
6P71_k§ :T Jp(ﬁn)
n=1

where 9, is the Kronecker delta.

Fig. 3(a) shows output spectra of a RE-EO comb generator for
various modulation indices. As expected, increasing the modu-
lation index decreases the overall slope of the comb spectrum.
However, for large modulation indices (5 > 2), the profile of
the spectrum becomes nonuniform due to the highly oscillatory
nature of the Bessel function in (6). Analytical models exist for
free-space RE-EO comb generators driven with large modula-
tion indices [20], but they will not be discussed further here
because applications in optical communications often require a
uniform and flat comb spectra.

Fig. 3(b) shows output spectra of a RE-EO comb generator
for different coupling power transmissions k with the same
parameters as Fig. 3(a). Since the intra-resonator power loss
(1 — «) and the coupler insertion loss « are often fixed, the
coupler power transmission % can be tuned to change the output
spectrum. As k is decreased, the comb slope decreases because
the intra-resonator field is modulated during more round trips
before being output-coupled. However, decreasing k also de-
creases the efficiency = Zp;&o P,/ Py, of the comb generation
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process because more of the input optical field is passed through
the coupler and into the output waveguide.

Notably, the spectra shown in Fig. 3 contain large peaks at
the input frequency because a majority of the light is trans-
mitted through the waveguide. This peak could be eliminated
by including an additional waveguide coupled to the resonator.
However, an additional waveguide would increase the round-trip
loss (1 — r?), decreasing the slope of the comb according to (4).
While the large peak in the spectrum is not ideal for applications
that require a flat comb, such as optical communications, optical
filters to flatten the spectrum can be employed, as will be
discussed in Section V-C. Moreover, in Section V we propose
a RE-EO comb generator design that utilizes a ring coupler to
increase the power-conversion efficiency and remove the peak
from the output spectrum.

B. Output Noise

1) Optical Input Phase Noise: Previously, we assumed that
the input optical field contained a single frequency. We now
relax this assumption and assume that the input field is F;, (t) =
By ei«otti0(t) where 0, (t) is the phase noise of the input optical
field. The power spectral density (PSD) of Ei, () is [32]

Sin(w) = /jc (B (t)E; (t + 7—)>ef’£w7d7_

:Rn/ <€iA70°>€_i(w+w0)TdT, (7)

where (-) denotes averaging over time ¢, and A6, = 0,(t +
7) — 0,(t) [33].

When both the input optical frequency and the modulation
frequency are resonant, the output PSD of the pth comb line in
the presence of input optical phase noise is

Sout,p(w) = k21iz|xp(w)’25in(w — PWm), )

where the frequency-dependent linewidth correction term for
the pth comb line is

Xp(w) = Z " J,(Bn)e T, )
n=1
From (8), it is evident that multiplication by |y, (w)|* changes
the shape of the PSD of the pth comb line phase noise. The
calculations to derive this result are included in Appendix A and
are complementary to previous work [34].

Fig. 4 plots the normalized linewidth correction factor
|xp(w)|? for various comb lines. The horizontal axis is frequency
from the center of the pth comb line, normalized to the resonator
FSR. For many practical ring resonators, the FSR can be over
four orders of magnitude larger than the linewidth of the input
optical carrier. For this reason, only the shape of |y, (w)|? near
w = wq + pwy, contributes to a change in linewidth. From the
vertical scale of Fig. 4 it is clear that the linewidth correction
term is locally flat for frequencies within the linewidth of the
input optical field. For this reason, the phase noise of the pth
comb line is nearly identical to the phase noise of the input
optical field.
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Fig. 4. Linewidth correction factor |, (w)|? for various comb line numbers
p. Because |, (w)|? is locally flat for w inside the input optical linewidth, the
input optical phase noise is approximately copied to each of the comb lines.

2) Modulation Phase Noise: Similar to the previous section,
the impact of modulator phase noise can be analyzed by intro-
ducing a time-dependent phase 6. () into the phase modulation.
The cascaded modulation function, including modulation phase
noise is

F,(wmt) = Z sin [wy, (t — 1) + 0. (t — iT")]

i=1

~ nsin [wpt + 0.(t)], (10)

where we have assumed that 0. (¢) is slowly varying over relevant
resonator time scales such as the resonator decay lifetime. This
is a safe assumption because crystal-controlled microwave os-
cillators used for modulation have coherence times much longer
than those of optical resonators [35].

By inserting (10) into (1) and assuming resonance of the input
optical frequency and modulation frequency, the output field of
the pth comb line (p # 0) is

Ey(t) = — k\/ﬁE {i r”Jp(Bn)}

n=1

~ ei(wo+pw7,L)t+7ip96(t).

(In

The PSD of the pth comb line in the presence of modulation
phase noise is then

Suurale) = 7 [

—00

<ez'pA,.49e>€7i<m-d7_7 (12)
where P, is given by (6) and A 0, = 0.(t +7) — 0.(t). If
we assume that A6, is a Gaussian random process, then the
linewidth of the pth optical field, Awy,, is related to the phase
noise by [33]

Awy|7| = ((pA-6.)?). (13)

From this relation, it is clear that the linewidth of the pth comb
line increases quadratically with p.

The quadratic dependence of the linewidth on comb line num-
ber can introduce significant noise for applications that require
thousands of comb lines, such as precision timing. However,
for applications that require hundreds of comb lines or less, the
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output phase noise is still dominated by input laser phase noise.
Recent experimental work has shown that high-frequency comb
line phase noise can be filtered by inputting an optical frequency
slightly detuned away from a harmonic of the FSR [36]. This
effect results from a frequency-dependent filtering term in (11),
though a detailed analysis is not presented here.

III. NON-RESONANT OPERATION

In the previous section we assumed that both the input optical
frequency and the modulation frequency were harmonics of
the resonator FSR. In practical systems, this assumption is not
always satisfied. In order to maintain this resonance condition,
various locking methods have been proposed to ensure that the
desired comb properties are preserved [18], [19]. Here, since
the most important comb property for optical communications
is comb power, we analyze impairments to the output spectrum
in the presence of optical frequency offsets and modulation
frequency offsets. Importantly, the absolute and relative phases
of the comb lines will change as well [37], but we will not discuss
that effect further here.

A. Non-Resonant Optical Input

We first assume that the input field has an optical fre-
quency offset Aw, such that the input optical field is Ej, (t) =
Eyei@otAwo)t We define the normalized optical frequency
offset ¢, = Aw,T. From (1), the output power in the pth comb
line in the presence of an input optical frequency offset is

o]

D (re )" Jy(Bn)

n=1

2

1—y
Pp,o = k2mpin (14)

Fig. 5(a) shows the output comb spectrum calculated from
(14) for various values of ¢,. For small values of ¢,, the
shape of the comb remains unchanged, while for values of ¢,
that approach and surpass the modulation index 3, the comb
drastically decreases in size.

For unmodulated resonators, inputting an optical frequency
within the resonator linewidth Aw,. = (1 — r?)w,./(27) is crit-
ical to increasing the built-up power in the resonator. Thus, one
might expect that inputting an optical frequency outside of Aw,.
into a modulated resonator may reduce the comb generation
efficiency. Indeed for some values of ¢,, such as ¢, > 0.57,
the output comb is much less flat. However, flat combs can
be generated even in the presence of normalized optical fre-
quency offsets greater than the normalized resonator linewidth,
¢r = Aw, T = (1 —r?). For the default parameters assumed
in this paper, ¢, = 0.0137, while broad comb formation is
evident for ¢, = 0.257 in Fig. 5(a). These results agree with
previous experimental results from free-space RE-EO comb
generators [30]. An explanation for this phenomenon is dis-
cussed in Section IV-A.

B. Non-Resonant Modulation

‘We now assume that the modulator is driven with modulation
frequency offset Aw,, and define the normalized modulation
frequency offset ¢,,, = Aw,,T. From (1), the power in the pth
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Fig. 5. Output spectra from a non-resonant RE-EO comb generator.
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comb line in the presence of a modulation frequency offset is
(1=7)

_ 2p
Ppﬂn = mk Rn
0 o] 2
X Z rnqupfq(Bo(¢m7n))']q(/ge(¢m7n)) ’

n=1g=-o0

5)

where we have defined the modified odd and even modulation
indices (¢, n) and fe (. n) as

cos (0 + 1)) IRC

Bo(¢m7 TL) = 5 (; COt(¢m/2) B QSiH (¢rn/2)

1 sin((n+ $)om)

o =5( 3+ St )
The calculations to derive (15) from (1) are included in
Appendix B. Since (15) introduces an additional infinite sum-
mation, the complexity of the calculation increases significantly,
especially in cases where the resonator loss is small or modu-
lation index is large. In Section IV-B we develop an efficient
numerical model that approximates this analytical model.

Fig. 5(b) shows comb spectra in the presence of various
modulation frequency offsets. For small modulation frequency
offsets, the comb remains flat. However, an increase in ¢,,, from
ém = 0.017 to ¢,,, = 0.037, leads to a proportional decrease of
the total width from approximately 120 comb lines to 40 comb

a7
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lines. Similar to Section III-A, the comb spectra in Fig. 5 exhibit
behavior that deviates from the behavior of an unmodulated
resonator. Comb lines with frequencies that lie far outside of the
resonator linewidth still build up in the resonator. For example,
for ¢, = 0.037, all of the approximately 40 generated comb
frequencies lie outside of the normalized resonator linewidth,
¢r = 0.0137.

The steep cut-off frequencies in the spectra of Fig. 5(b) are no-
tably similar to the total spectral width of the FM laser [38]-[40].
In particular, for small modulation indices, low loss, and gainless
media the total comb width is approximately 25w, /¢, [38].
Even for larger modulation indices, such as 5 = 0.57 assumed
here, this approximation is accurate so long as the modula-
tion frequency offset is small compared to the resonator FSR
(Aw,, T < 1). For example, the calculated width of the comb
spectrum for ¢,,, = 0.017 in Fig. 5(b) is 100w,,,. This overlaps
precisely with the cutoff frequencies that occur approximately
+50 comb lines from center.

Finally, we note two important consequences of the above: (1)
large ring resonators, corresponding to large 7", are much more
sensitive to optical frequency offsets and modulation frequency
offsets because the normalized frequency offsets are linearly
dependent on the resonator length. For this reason, it is ideal for
the modulation frequency to equal the fundamental FSR rather
than a harmonic of the FSR in order to increase the tolerable
frequency offsets; (2) the flexibility and tolerance to fabrication
errors of RE-EO comb generators is much higher than other
integrated comb generators. For example, a dense WDM optical
communications system may require 100 comb lines spaced at
50 GHz. While the frequency spacing of integrated Kerr comb
generators is limited by the fabricable FSR of the resonator, the
RE-EO comb generator frequency spacing can be tuned by up to
om = £0.017 to alleviate fabrication requirements, as shown
by the yellow curve in Fig. 5(b). For the example above, the
frequency spacing of the output comb can be tuned by 1 GHz
with minimal impact on the desired comb lines.

IV. DISPERSIVE RESONATOR

While the analytical model in Section III exactly predicts the
output comb spectra of a RE-EO comb generator in resonant and
non-resonant operation, these models cannot include arbitrary
frequency-dependent effects such as dispersion. In this section,
we develop two methods, one analytical and one numerical, for
approximating the output spectrum of a dispersive RE-EO comb
generator. We then compare all three methods, which are in
excellent agreement.

A. Round-Trip Phase Model

An intuitive understanding of the resonance conditions of
an RE-EO comb generator can be approached first from the
resonance conditions of an unmodulated resonator, resulting
from interference of internal and external fields. For example, a
typical resonance condition for an input optical field with fre-
quency w,, coupled to a resonator with normalized linewidth ¢,
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as defined in Section III-A, is [41]

|Op tot| < &r/2,

where 0, 1o+ = w1 mod 2 is the total round-trip accumulated
phase offset of the optical field. Frequencies that do not satisfy
this condition do not experience constructive interference inside
the resonator.

However, the intra-resonator phase modulation introduces a
time-dependent variation in the resonance condition that results
in constructive interference at one or more locations inside the
resonator, depending on whether the phase modulation is equal
to, or a subharmonic of, the FSR. As aresult of this spatially vary-
ing constructive interference, intra-resonator pulses are formed.
The new condition for constructive interference in the resonator
is then |0, 1ot + B sinw,,t| < ¢,/2. Since this condition may
be satisfied for any time ¢ the final resonance condition is

(18)

_B < ep,tot < Bv (19)

where we have omitted the finite resonator linewidth because it is
often much smaller than the modulation index. This resonance
condition explains the comb formation effects in Section III,
where comb lines were generated even though they were outside
of the resonator linewidth.

To validate this model, consider a RE-EO comb generator
that is modulated exactly at the resonator FSR (¢, = 0) but
has some known optical frequency offset ¢,. In the absence of
dispersion, the round-trip accumulated phase of the pth comb
line is 0, +ot = ¢,. For unmodulated resonators, constructive
interference inside the resonator can be verified by changing the
optical frequency offset and measuring a dip in the transmis-
sion spectrum. This effect can also be observed in modulated
resonators where, analogous to (3), the time-dependent output
field in the presence of an optical frequency offset is

Eouw(t) = V(1 —~)(1 — k) Epeot

1 — (T.efi(bo )eiB sin wy, t

—k . ——
1-k1— (,re—mvo )ezﬁ sin wy, t

Eine™ot. (20)

Fig. 6 shows the time-averaged output power (| Eou¢ (2)[?) as
a function of the normalized optical frequency offset for various
modulation indices. As expected, we observe a narrow dip in the
power transmission for 8 = 0, corresponding to the expected
output from a unmodulated resonator. For 3 = 0, however,
constructive interference occurs at many values of the optical
frequency offset. The dashed lines in Fig. 6 correspond to the
limits of the round-trip phase model developed in this section
(—=f < ¢o < ), which accurately predict the maximum optical
frequency offset that results in intra-resonator power build-up.

The round-trip phase model can be extended to include effects
such as modulation frequency offsets as well as dispersion. First,
we note that in a single round trip, the accumulated phase of the
pth comb line due to a modulation frequency offset, 8, ,,, is
linear in comb line number, i.e.,

Opm = |wo T + plwm + Awy,)T | mod2m = pop,.  (21)
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Fig. 6. Time-averaged power transmission (|Eout(t)[%) for various optical
frequency offsets ¢, and modulation indices (3. Dashed lines correspond to
the edge of the round-trip phase model resonance condition as described in
Section IV-A.

The effects of dispersion can also be included by integrating
the measured or simulated group velocity dispersion to deter-
mine the round-trip accumulated phase offset of the pth comb
line due to dispersion, 6, 4. However, if we assume a linear
dispersion profile, 0, 4 is

Op.a = |(wo + pwm)T + pwanﬁg L| mod2r = p2¢q, (22)

where [, L is the round-trip group velocity dispersion
and the normalized phase offset due to dispersion is then
¢q = w2, B2 L.

Finally, the resonance condition for an RE-EO comb gener-
ator including optical frequency offsets, modulation frequency
offsets, and linear dispersion is

—B < o + Pbm + P*da < B. (23)

Previous authors have derived similar expressions and ana-
lyzed the dispersion-limited comb width of free-space RE-EO
comb generators using Fabry-Pérot resonators [42]. For a lin-
ear dispersion profile, the maximum comb width occurs when

28 .
5L This value agrees

with previous comb widths up to a factor of v/2 due to the
difference in FSR of a Fabry-Pérot resonator and ring resonator
of identical length [26].

To fully characterize the output power spectrum, we make the
following assumptions: (a) the light in the center frequency is
dominated by the input field that passes through the coupler, i.e.,
Py = (1 —7)(1 — k)P, (b) the slope of the comb spectrum is
given by (4), and (c) the power in the first sideband is given by
Py = k?1=LJ1(B)? simplified from (6). These assumptions,
along with (23) form the round-trip phase model, which can
efficiently predict the approximate shape of the output comb
spectrum. Finally, we note that the round-trip phase model as
well as the modeling in Section III have been successfully used
to predict the output comb spectrum of fabricated ring-based
devices [24].

¢o = —3 and is given by Awcomp =

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 38, NO. 6, MARCH 15, 2020

B. Steady-State Matrix Method

One drawback of the round-trip phase model is that it is im-
possible to determine fine features in the output comb spectrum,
such as in Fig. 5(b) where neighboring comb line powers can
vary by over 10 dB. In this subsection, we develop a numerical
method that is capable of resolving these fine features by deter-
mining a relation between the comb lines inside the resonator.
Similar calculations have been performed before in the context
of free-space Fabry-Pérot resonators [42], but not ring-based
cavities.

First, we propagate the intra-resonator field E.(t), shown
in Fig. 1, by one round-trip time 7" resulting in the following
relation:

E.(t) = vae#sment |\ T— 7)1 - k) E.(t +T)

+iv (1 =EEn(t+T)|. (24

We then assume that F..(¢) can be expressed as a superposition
of optical fields with frequencies spaced at the modulation
frequency, i.e.,

Ee(t) = ) Bpe'lotrn)t,

p=—

(25)

where E, is the complex optical field of the pth comb line
inside the resonator. If the optical field has reached steady
state, corresponding to many round trips after the light is first
input-coupled into the resonator, the relation between all E,, is

Ep=r Z JLJ(B)Epfqewpfq'm
q=—00

k A
— _E

00, tot
1— k; Jp(ﬂ)e )

+1 (26)
where 0, 101 = ¢o + O0p.m + 0 4 is the round-trip normalized
frequency offset of the pth comb line.

This system of linear equations can be solved with simple
matrix methods. The output field in the waveguide is
Eout(t) = (1 =) (1 = k)Ein(t) + i/ (1 —y)kE(t), (27)
where we have already solved for the values of the complex
optical field E, above.

In practice, when using a matrix solver to compute F,, it
is necessary to increase the number of simulated comb lines
because the model may become inaccurate at the edges of the
spectrum. This effect occurs because frequency conversion from
carriers outside of the width of the simulation are not included.
Since this method is quite efficient, increasing the number of
simulated comb lines by even a factor of two is often tolerable.
Although not discussed further in this paper, these equations
reveal individual phase information of the comb lines, which
have analytical solutions [30], [43], and may be useful for
applications where relative phase information is desired.
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Fig. 7. Comparison of methods used to predict the output comb spectrum.
(a) Output comb spectra P, calculated with the analytical model (lines) and
the round-trip phase model (filled circles) for various modulation frequency
offsets. (b) Output comb spectra P, calculated with the analytical model
(lines) and the steady-state matrix method (filled circles) for various modulation
frequency offsets.

C. Comparison of Methods

Here, we validate the three models of computing the output
spectrum, the analytical model of Section III, the round-trip
phase model of Section IV-A, and the steady-state matrix method
of Section IV-B, by comparing the predicted output spectra
in the presence of modulation frequency offsets. Since optical
frequency offsets solely change the slope of the comb, we have
omitted this comparison.

Fig. 7(a) shows the spectra calculated from the analyti-
cal model (lines) and the round-trip phase model (filled cir-
cles) for various modulation frequency offsets. The round-trip
phase model accurately predicts the comb width and shape,
but fails to predict the fine features of the comb spectrum, as
expected. Fig. 7(b) compares the spectra computed with the
analytical model (lines) and the steady-state matrix method
(filled circles). Here, the steady-state matrix method is able
to calculate the fine features of the comb spectrum with high
accuracy.

The round-trip phase model and the steady-state matrix
method can also be used to predict the effects of dispersion. In
the following, we assume a linear dispersion profile (i.e., 0 4 =
p>¢q) with ¢g = 27 x 10~*. This value of ¢, is considerably
larger than any practical values in order to emphasize the effects
of dispersion. For example, for a lithium niobate resonator with
10 GHz FSR, this value of ¢4 would correspond to a group
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Fig. 8.  Output comb spectra P, from the round-trip phase model (dotted line)
and the steady-state matrix method (solid line). In the presence of modulation
frequency offsets and dispersion, complex and asymmetric comb spectra can
be observed.

velocity dispersion of ~1.2 x 10* fs>/mm, over two orders of
magnitude larger than that of current waveguide technology [44].

Fig. 8 compares output comb spectra for various modulation
frequency offsets for a linear dispersion profile. As in Fig. 7,
the round-trip phase model is able to predict the comb shape,
but is not able to determine fine comb features. Conversely, the
steady-state matrix method is able to resolve fine features in the
comb spectra.

Interestingly, when both modulation frequency offsets and
dispersion are included, the comb spectra becomes asymmetric
about the center frequency. This effect results from the resonance
condition —f3 < pp,, + p?dg < B, where the resonance condi-
tion for positive and negative p is different. For higher-frequency
comb lines (p > 0), both the modulation frequency offset and
the dispersion phase offset have the same sign while for lower-
frequency comb lines (p < 0), they have opposite signs. Un-
like many other comb generators, such as those based on x(*)
nonlinear effects, the RE-EO comb generator does not require
extensive dispersion engineering to produce viable frequency
combs because it does not require phase matching over long
periods of time.

V. FREQUENCY-DEPENDENT COUPLING

As mentioned in Section II-A, resonator-based comb gener-
ators often have low efficiency due to low coupling between
the input waveguide and resonator. A frequency-dependent cou-
pler with high transmission at the input frequency, but low
transmission at all other frequencies can solve this problem
because the input light can efficiently couple into the resonator
where the newly generated frequencies may then resonate for
many round trips. While complicated frequency-dependent cou-
plers based on photonic crystals or distributed Bragg reflectors
can be fabricated to approach the desired frequency response,
these methods introduce additional fabrication requirements
and excess insertion loss. This section analyzes the impact
on the output spectrum of an additional ring coupler used
to efficiently couple the input field to the comb-generating
resonator.
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Fig.9. Diagram of a dual-ring EO comb generator. Power at the input optical
frequency builds up in the small ring and is then coupled to a larger resonator,
where the comb is generated. A third coupler is used to output-couple the
desired comb.

A. Dual-Ring EO Comb Generator

Fig. 9 illustrates the proposed dual-ring EO comb generator.
An input optical field F;,(t) is first resonantly coupled into a
small ring. Inside that ring, power builds up at the input optical
frequency, before it is coupled into the larger, comb-generating
resonator. This resonator includes a coupler to output the desired
frequency comb. The coupler power transmission coefficients
are k1, ky, and k3 and the coupler insertion losses are 1, 2, and
~3, as shown in Fig. 9. The power losses of the small ring, (1 —
@), and of the comb-generating resonator, (1 — «), are related
by & = aZ/T, where 1/T and 1/T are the FSRs of the small
ring and comb-generating resonator, respectively.

The new output field E,,¢ (¢) can be calculated as a function of
the input field E;,, (¢) with the steady-state matrix method. How-
ever, the small ring coupler introduces frequency-dependent
phase shifts, loss, and power transmission. To determine a
self-consistent relation between the comb line optical fields F,,
analogous to (26), that includes these effects, we can apply the
same techniques as Section I'V-B. B

First, the field in the small resonator, F.(t), and the field
in the larger resonator, E.(t), can be related by the following
equations:

E.(t) =FE.(t+T)
. kg a 1 ~
+i FE(t+T/2+T/2)
1— ky
[k -
+4 & TELt+T) (28)

E,(t) = r'ePsinemt B (1 4 T)

ko
1— ko

— (a@)T/(T = 1)k1 (1 — yg)kgelPsinemt
X En(t+T/2+1T/2),

+1

1
ESR ~ ~
(?) Fetfsinent B (t +T/2 +T/2)
«

(29)
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Fig. 10.  Output spectra P, of a single-ring comb generator and a dual-ring

comb generator. The reflected field from the dual-ring EO comb generator is also
shown, demonstrating constructive build-up at the FSR of the coupling ring.

where 7 =a(l—y)1 = k)1 —n)(1—k) is
the round-trip gain coefficient of the small ring and
7= y/a(l =)l —k)(1—)(1 —k3) is the round-trip
gain coefficient of the comb-generating resonator.

If we assume that both F.(t) and E.(t) are superpositions of
fields spaced at the modulation frequency, analogous to (25), the
complex field of the pth comb line, E,, is related to the other
comb fields and input field via the following expression:

o]

> (et (42 rety /A g,

1 — 77ewr-aT

E_

p =

g=-00

— (a@)"* /(T =)k (1 = 72)ke
. ~ 1 .
wo(T/24T/2)( .
X JP(B)e 0 (1 _ F@iwof)Em’

where w, T’

(30)

= 0p.tot 18 the accumulated round-trip phase of the
pth comb line in the comb-generating resonator and prv =
(T/ T)0p 10t + pw,,,,f is the round-trip accumulated phase of
the pth comb line in the small ring.

The output optical field E,,¢(¢) and the reflected field E,.(¢)
are

(1 —3)ksE (3D

and

En(t) =i/ (1 =)k Ee(t) + /(1T = 711) (1 = k1) Ein(t).
(32)
With these expressions, we can utilize a simple matrix solver to

first calculate E.(t) and then find the output field Eo, ().

B. Results

For the rest of this section, we assume, as in the rest of the
paper, that = 0.95, 5 = 7 /2,and P;,, = |Ei|* = 1. Addition-
ally, to provide a fair comparison to the single-resonator comb
generator, we assume y; =y, =3 =0 and ky = ky = k3 =
0.03. Finally, we choose T' = T'/50 to prioritize the 100 comb
lines near the center optical frequency.

Fig. 10 compares the output comb spectrum of a single-ring
RE-EO comb generator to the output and reflected comb spectra
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of a dual-ring RE-EO comb generator. As expected, the small
ring serves as a frequency-dependent coupler, with high trans-
mission at multiples of the small ring FSR, but low transmission
at other frequencies. This effect is demonstrated by the reflected
spectrum in Fig. 10, where power is concentrated in frequencies
at multiples of the small ring FSR.

Fig. 10 also demonstrates why a second output waveguide
is crucial to this design. If there is only a single waveguide,
the generated comb must then propagate through the smaller
coupling ring before being output, causing significant filtering,
as shown by the reflected spectrum in Fig. 10. For this reason, in
the analysis of Section V-C, we compare the optimal single-ring
design, which uses a single waveguide, to the optimal dual-ring
design, which uses two waveguides.

The output spectrum from the dual-ring RE-EO comb gen-
erator is much higher for comb lines that are within the small
ring FSR. The conversion efficiency of input power to the 100
nearest comb lines excluding the center line (—50 < p < 50,
p # 0) for the single-ring comb generator is 1.3%, while the
conversion efficiency of the dual-ring comb generator is 32.1%.
The average increase in output power of these comb lines is
13.9 dB. However, a dip in comb line power occurs at multiples
of the small ring FSR because light at these frequencies is
coupled efficiently back into the small ring.

The dual-ring comb generator, similar to its single-ring coun-
terpart, requires that the input optical field be resonant with both
the smaller coupling ring and the larger comb-generating ring.
While the tolerance to optical detuning of the comb-generating
ring is high, as shown in Fig. 5(a), the input optical frequency
must be more tightly controlled to resonate in the small ring in
order to generate high intra-ring optical power. The input optical
field will need to be locked within the linewidth of the resonator,
which could be achieved by tuning the input optical frequency
or by tuning the FSR of the small ring.

Moreover, one possible limitation to the dual-ring comb gen-
erator design is the material damage threshold of the small
ring. For the parameters discussed above, the time-averaged
power in the small ring is 27 times the input optical power.
However, even if the input optical power is unrealistically high,
such as 1 W, the intra-resonator power is a factor of two be-
low the damage threshold of many state-of-the-art integrated
resonators [45].

In some cases, fabricating a ring with a FSR that is 50 times
higher than that of the desired comb line spacing may prove
challenging due to fabrication constraints. In these cases, it is
still possible to generate high-power combs by increasing the
size of the ring coupler, but tuning its length so that its FSR is not
a harmonic of the FSR of the comb-generating resonator [46].
The resulting FSR of the system is the least common multiple
of the two FSRs.

Fig. 11 shows the output spectrum of a dual-ring EO comb
generator for various sizes of the small ring and comb-generating
resonators, quantified by the ratio of their respective FSRs,
T/T. When compared to a small ring coupler (7'/T = 50),
a larger ring coupler with FSR at a harmonic of the comb-
generating resonator (7/T" = 10) results in a narrower comb.
However, if the FSR of the small ring is adjusted away
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Fig. 11.  Output spectra P, for different values of the ratio of FSRs, T'/T,
of the small ring and comb-generating resonator. Slightly tuning the FSR of
the coupling ring away from a harmonic of the FSR of the comb-generating
resonator can increase the comb width and power.

from a harmonic of the comb-generating resonator, the total
FSR of the system increases, resulting in broad, high power
comb generation without the difficulty of fabricating ultra-
small rings. However, this process cannot proceed indefinitely
due to the finite linewidth of the small ring resonator. Once
the finesse of the ring approaches the ratio of the FSRs,
at least one comb line inside the comb-generating resonator
will lie inside the linewidth of the small ring. In this case,
that comb line will be coupled back into the small ring and
the FSR of the entire system will be limited by the small
ring FSR.

Finally, we note that it is possible to increase the dual-ring
comb conversion efficiency even further by careful optimization
of the coupling coefficients. Increasing k3 will increase the comb
conversion efficiency 7 but also increase the round-trip power
loss in the comb-generating ring, 7/, resulting in an overall
increase in the comb slope. In general, the optimal coupling
coefficients and coupling ring FSR will depend on the desired
number of comb lines and the minimum tolerable power per
comb line. However, since the output optical power of a RE-EO
comb generator is linearly related to the input optical source
power, comb power can be increased simply by using a higher-
power source.

C. Application to Optical Communications

As mentioned in Section I, frequency combs can be used
in WDM coherent optical communications systems for both
the transmitted optical carrier and receiver local oscillator. One
problem with single-ring RE-EO comb generators is the low
output power in each of the comb lines, which limits the OSNR
of the transmitted optical carriers. In this subsection, we briefly
analyze the OSNR of WDM optical links utilizing RE-EO comb
generators.

Fig. 12 shows an example WDM link that utilizes a RE-EO
comb generator that seeds each of the modulated comb frequen-
cies. An input laser is coupled into a RE-EO comb generator
where multiple comb lines are generated. The comb is then
output-coupled and flattened by an optical filter to reduce power
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Fig. 12. ' WDM point-to-point inter-data center link. The output field from the
RE-EO comb generator is flattened, amplified, and de-multiplexed (De-mux).
Each of the comb lines is modulated (Mod), multiplexed (Mux), and amplified
before being input to a link of single-mode fiber (SMF). At the receiving end, the
signal is amplified and sent to a coherent receiver (Rx). The OSNR is measured
at the receiver input.

TABLE I
WDM LINK PARAMETERS

Input laser power 20 dBm
Insertion loss from output-coupling and flattening 5 dB
Booster amplifier noise figure 5 dB
Booster amplifier gain* 30 dB
Insertion loss from (de-)multiplexing and modulation 20 dB
Link amplifier noise figure 5 dB
Link amplifier gain 20 dB
Insertion loss from SMF 20 dB
Local oscillator power 15 dBm

20 dB for dual-ring RE-EO comb generator.

fluctuations between comb lines. We note that in this link,
the performance is limited by the comb line with the lowest
power due to the flat power allocation. The power per comb line
after the flattening filter is —20 dBm for the dual-ring link and
—30 dBm for the single-ring link. The comb is then amplified
with a booster amplifier, and sent to a (de-)multiplexing stage,
where the comb lines are separated, modulated individually, and
re-combined. After this stage, the comb lines are amplified,
transmitted through a length of single-mode fiber (SMF), and
amplified before being sent to a coherent receiver.

Table I lists the parameters for this calculation. Here, we
assume the link consists of 100 modulated comb lines spaced at
50 GHz, such as in a dense WDM link. However, these results
can be easily scaled for links that utilize fewer comb lines or
lower-performance devices. For example, for a system that uses
amplifiers with a much higher noise figure of 9 dB, the resulting
OSNR, reported below, would be reduced by 4 dB. Moreover, it
is important to note that a high-power local oscillator is required
to achieve the performance stated below. Some link architectures
that utilize comb generators at the transmitter and receiver may
experience reduced performance due to amplifier noise in the
local oscillator.

The difference in booster amplifier power between systems
that utilize a single-ring and dual-ring RE-EO comb genera-
tor is 10 dB. This performance improvement is smaller than
the average comb line power improvement of 14 dB because
non-uniformities in the dual-ring RE-EO comb generator output
spectrum result in a lower minimum optical power than the
single-ring RE-EO comb generator. This effect is evident from
the output spectra in Figures 10 and 11.

JOURNAL OF LIGHTWAVE TECHNOLOGY, VOL. 38, NO. 6, MARCH 15, 2020

For the values listed above, we find that the receiver-side
OSNR for a single-ring RE-EO comb generator is 21 dB, while
the receiver-side OSNR for the dual-ring design is 28 dB. For a
typical 28 Gbaud dual-polarization link based on 16-ary quadra-
ture amplitude modulation, the required receiver-side OSNR is
~22 dB [47]. For a WDM link that employs 100 comb lines,
as shown in Fig. 10, the total bit-rate per fiber for this system,
including overhead is 20 Tb/s. While single-ring RE-EO comb
generators can support lower modulation formats, and thus lower
bit-rates per fiber, dual-ring comb generators provide an increase
in OSNR budget of over 7 dB.

VI. CONCLUSION

Recently, progress in low-loss fabrication techniques and the
desire for low-power comb sources has regenerated interest in
RE-EO generators. We have developed analytical and numerical
methods of predicting the output comb spectrum in the presence
of a variety of impairments including optical frequency offsets,
modulation frequency offsets, and dispersion. We validate these
models against each other and demonstrate that numerical mod-
eling can efficiently approximate the comb spectrum without
sacrificing accuracy. However, RE-EO comb generators based
on a single resonator often cannot generate enough comb power
to be useful for applications such as optical communications.
Thus we have proposed a fabricable RE-EO comb generator
design that utilizes a ring coupler to enhance the efficiency of
the comb generation process. For this new design, the conver-
sion efficiency is 30% higher than designs based on a single
resonator, which enable its use in high-capacity coherent optical
communications systems.

APPENDIX A
OUTPUT PHASE NOISE

This appendix calculates the relation between the phase noise
of the pth comb line and the phase noise of the input optical field
for resonant operation, as discussed in Section II-B. We first
assume that the input optical field is Ei,(t) = Eyetwot+ibo(t)
with PSD, Si,(w), given by (7). The PSD of the output field,
Eout(t) is

Sout(w) = /jo (Bout (1) EZ (t + 7—)>eficu-rd7_

o0

(1 =71 = E)Sin(w) = (1 = 7)kSo,1(w)

— (1 =7)kSo2(w) + (1 — V)ﬁ

(33)

where S, 1(w), Sp,2(w), and S, 3(w) result from the autocorre-
lation of Eqy¢(t), given by (5), and are

00 00
So,l((d) = / <Ein(t) Z ,rnefiﬁn Sin wo, (t+7)

e n=1

x Bf(t+71— nT)> e T dr (34)
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So’z(w) = / < t+ T Z pheiBnsinwnt

X B (t — nT)> e T dr (35)

00 00
5073 (w) — / < E Tn+me7.ﬁnsmwmt€71ﬁm sinwy, (t47)
- n

o0 ;m=1

X Ein(t —nT)Ej,(t+ 1 — mT)> e “Tdr.  (36)

Focusing firston S, ; (w) and S, » (w), we note that the optical
phase noise is uncorrelated to the phase modulation and thus the
time-averaging inside the integrals can be separated into two
terms, i.e.,

< Z r"e —ifAn smwm(tJrT)Ei*n(t + 7 — TLT)>
2

A Jacobi-Anger expansion can be applied to terms similar to
the leftmost expectation above, resulting in

< :k:zﬁnsmwm(t+7) < Z J 6” +ipw,, t+7)>

p=—00

(e P sinen (N (B (OB (t+ 7 — nT)). (37)

= Jo(ﬂ’n,)

With some algebra, the following expressions can be obtained
for S, 1(w) and S, »(w) as a function of the input PSD Siy (w):

(38)

Sy (w) = [Z r”Jo(ﬁn)ew"T] Sin(w) (39)
n=1

oo

So,Q(W) = [Z TnJO(ﬂ”)emmT‘| Sin(w)

n=1

(40)

To calculate S, 3(w), we separate uncorrelated terms, similar
to (37), resulting in the following simplification:

<ei/3n sin wmte—zﬂm sin w,, (t+7')>

<ZJBn

pP,g=—

> Jp(Bn)Jy(Bm)e

p=—00

m)e’ i(P—@)wmt iquw,7—>

—iPWon, T

(41)

With some additional algebra, we can express S, 3(w) as a
function of S, (w),

w) = Z Sin(w

p=—00

- pwm)

s { D I (Bn) Jy(Bm)et T

n,m=1

(42)
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Finally, the output PSD is

Sout(w) = (1 =7)[(1 = k) = 2kRe{x0(w)}] Sin(w)
sz > X (@) Sin (@ — pom),  (43)

p=—00

where we have defined the linewidth correction term x,(w)
in (9).

APPENDIX B
MODULATION FREQUENCY OFFSET

This section derives the power in the pth comb line in
the presence of modulation frequency offsets, as defined in
Section III-B. First, in the presence of modulation frequency
offsets, we can adjust the cascaded modulation function, (2), to
include the modulation frequency offset ¢,,, = Aw,,, T by noting

t) = BZsinwm(t —iT)

i=1

BF,(w

e+ o)
2sin (¢, /2)
‘ 1 sin((n+1)ém)
— Bcos (Wmt)<_ 5T 28111(¢,n/2)>
= Bo(¢m, 1) sin (wp,t)

= Bsin (wmt) (; COt(¢7n/2) -

— Be(dm,n) cos (wmt),  (44)

where in the second line we used Lagrange’s trigonometric iden-
tities and have simplified the final expression using S, (¢, n)
and (. (¢, n) as defined in Section III-B.

We can then insert this expression into (1) and find an expres-
sion for the output optical field in a similar manner to that of

(5):
-~
ou 1 _ 1 _ E iwot -
o) = VI c 1k

oo
3 <r" = 1Bo(Smn) in (wimt) —iBo(ém.m) cos (wmt))

n=1

Einezwot

(1 —7)(1 — k)Eeieot {1 —

SIDI

n=1qg=—oc0

Zq‘]p q ﬁo ¢m7 ))Jq(ﬂe(¢m7n)):| . (45)

From this output field, composed of equidistant frequencies
spaced at the modulation frequency, we can calculate the output
power in the pth comb line, given by (15). When the modulator
frequency is tuned exactly to the resonator FSR (¢,,, = 0), this
result reduces to (6).
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