Supplemental material: Phonon networks with SiV centers in diamond waveguides
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ELECTRONIC STRUCTURE OF THE SiV™ CENTER

As described in the main text, the electronic ground state of the negatively charged SiV consists of a single unpaired
hole with spin S = 1/2, which can occupy one of the two degenerate orbital states |e,) or |e,). Within the ground state
subspace and in the presence of a static external magnetic field B , the energy structure is determined by a spin-orbit
interaction, a Jahn-Teller (JT) effect and the Zeeman splittings. The resulting Hamiltonian reads (7 = 1) [1, 2]

Hsiv = —XsoL.S. + Hyr + fypB.L. + 7B - S. (1)

Here, L, and S, are the projections of the dimensionless angular momentum and spin operators L and S onto the
symmetry axis of the center, which we assume to be aligned along the z-axis. Ago > 0 is the spin-orbit coupling
while 77 and ~;s are the orbital and spin gyromagnetic ratio. respectively. The parameter f ~ 0.1 accounts for the
reduced orbital Zeeman effect in the crystal lattice. Note that within the ground-state subspace spanned by |e,) and
ley), only L, is non-zero. Within this basis and for an external magnetic field B= ByZ, the different contributions of
Eq. (1) read
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Here, T, (T,) denotes the strength of the Jahn-Teller coupling along « (y) and wp = 5By is the Zeeman energy.
From this point, we neglect for simplicity the effect of the reduced orbital Zeeman interaction (~ fv5,By), which does
not affect any of the results in the main text. Diagonalizing Eq. (2) leads to the eigenstates
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tan(f) = L, tan(¢) = /\71, “
The corresponding eigenenergies are
Es1=(-wp£A)/2, Eiz=(wp+A)/2, )

with A = \//\go +4(Y2 +Y2) ~ 27 x 46 GHz. Since T, , < Aso (cf. Ref. [1]), we can neglect the small distortions

of the orbital states by the JT effect and therefore use the approximation |1) = |e_, 1), |2) = |e+, 1), |3) =~ |e4, ) and
|4) =~ |e_, 1), which corresponds to § = w/4 and ¢ = 0.

PHONON WAVEGUIDE

In the main text we consider a diamond phonon waveguide with a cross section A and a length L > v/A. Within
the frequency range of interest, the phonon modes can be modelled as elastic waves with a displacement field @(7, t)



obeying the equation of motion for a linear, isotropic medium [3],
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or in terms of the individual components
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can be expressed in terms of the Young’s modulus F and the Poisson ratio v. In our calculations and finite element
method (FEM) simulations, we use p = 3500 kg/m?®, E = 1050 GPa and v = 0.2.
By assuming periodic boundary conditions, the equations of motion can be solved by the general ansatz
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where k = 27/L x m is the wavevector along the waveguide direction z, and the index n labels the different phonon
branches. The amplitudes A,, x(t) are oscillating functions obeying Amk(t)erfl’ wAn £ (t) = 0, and the mode frequencies

wn,, and the transverse mode profile ﬂ'ﬂ; (2, y) are in general obtained from a numerical solution of the Eq. (6). The

—

uﬂ; (@, y) are orthogonal and normalized to
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Quantization of the displacement field

Eq. (6) can be derived from the Lagrangian
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After inserting the eigenmode decomposition in Eq. (9), the Lagrangian reduces to a set of harmonic modes:
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where M = pAL and Q. = (An i "‘AZ,—k)/ﬂ’ From this simplified form, we readily obtain the canonical momenta
P, = aL/aQn’k = MQn,,k, and the Hamiltonian operator

P,yP,_r 1
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where @), and P, j are now operators obeying the canonical commutation relations, [Qn k, Pnk] = 17 n/ Ok -
Finally, we write
h . hAMw k
Qn,k = m (Cl;rl’k + an,—k) , Pn,k =1 9 = (al,k - an,—k) » (14)
n,
in terms of annihilation and creation operators. We obtain
th = Zﬁwn7ka;kan,k, (15)
k,n

and the quantized displacement field

_ hoo , By
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COUPLING TO PHONON MODES

Strain coupling arises from the change in Coulomb energy of the electronic states due to displacement of the atoms
forming the defect. For small displacements and in the Born-Oppenheimer approximation, the energy shift is linear
in the local distortion and can be written as

Hstrain = Z‘/ijeij~ (17)
ij

Here, V' is an operator acting on the electronic states of the SiV defect and e is the strain tensor defined as
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with u; (ug, us) representing the quantized displacement field along z1 = x (9 = y,z3 = 2) at the position of the
SiV center [cf. Eq. (16)]. The axes are defined as in Fig. 1 of the main text, i.e. the symmetry axis of the defect is
along z while the waveguide is along z.

The exact form of the strain interaction Hamiltonian in the basis of the electronic states of the SiV defect is obtained
by projecting the strain tensor on the irreducible representations of the D34 group, i.e.

Hstrain = Z ‘/7'67'3 (19)

where r denotes the irreducible representations. One can show that the only contributing representations are the
one-dimensional representation A;, and the two-dimensional representation E, [2]. As a consequence, strain can
couple independently to orbitals within the E, and F, manifolds, but these manifolds cannot be mixed. Focusing
only on the ground state, the terms in Eq. (19) are [4]

€4, = ti(€oo +eyy) + €2z
€5,, = d(€ax — €yy) + feza (20)
€E,, = —2degy + fey-

Here, ty,t),d, f are the strain-susceptibilities with f/d ~ 104, and the subscript ¢ is used to denote the ground
state manifold. The effects of these strain components on the electronic states are described by

Va, = lea){eal + ley)(ey]
Vi, = lex)(ea] —ley)(ey (21)
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Since coupling to symmetric local distortions (~ €4,,) shifts all ground states equally, it has no relevant effects
in this work and can thus be dropped. Finally, if we write the strain Hamiltonian using the basis spanned by the
eigenstates of the spin-orbit coupling {|e_),|e4+)}, we find

Hgtrain = €Eg. (L— + L+) - iEEgy (L, — L+) R

where L, = LT = [3)(1] 4 |2)(4] is the orbital raising operator within the ground state. Further, we notice that the
transitions Ly, L_ have circularly polarized selection rules in the E, strain components.

We now assume that the SiV high symmetry axis z is oriented orthogonal to the phonon propagation direction x
(practically, this can be realized with [110]-oriented diamond waveguides). By decomposing the local displacement
field as in Eq. (16), and after making a rotating wave approximation, the resulting strain coupling can be written as

1 * ikx
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where JT = [3)(1], J¥ = [4)(2] and
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Here, ui‘,:, represents the i-th component of the displacement pattern ﬁi 4y, 2). The first four terms in the square
bracket éorrespond to By, deformations, while the last four correspond to £, deformations. We note from Eq. (22)
that due to circularly polarized selection rules, it is possible to have different coupling rates to left or right propagating
phonons and that this directionality is reversed, when the spin character of the states involved in the phononic transi-
tion is flipped. This is due to the particular energy-state ordering in which | ; > F| _ while E} ; < E; _. However,
the waveguide phonon modes considered in this work are approximately linearly polarized with predominantly E,,
strain, and hence have identical coupling rates for both propagation directions (and spin projections). Therefore, the
strain Hamiltonian reduces to

1 .
Hstrain = — gn,kJJran,keka + H.c. (24)
Vil

SPIN-PHONON INTERFACE

In this section, we present in more details two different driving schemes for transferring spin-states encoded in the
SiV ground-state to propagating phonons. We first consider the scenario depicted in the main text that utilizes a
microwave drive within the ground-state subspace. Furthermore, we present a second approach via optical Raman
transitions to the excited states, which can be a useful alternative to microwave magnetic fields. For simplicity, we
first focus on a single SiV center in an infinite waveguide.

Microwave driving fields

The starting point is the Hamiltonian of a single driven SiV center coupled via strain to the phonon modes of the
diamond waveguide,

H = HSiV + th + Hdrive + Hstrain- (25)
By moving into the interaction picture with respect to
Hy =" woal yank +ws|2)(2| +wol3)(3] + (wo + wp)|4) (4], (26)

n,k

—iHot

we obtain the new Hamiltonian H = e'o! He — Hy given by

H =Y (wnx —wo)al, yank — 6(|3)(3] + [4)(4])
n,k
Q(t)eie(t)

+ 2(3><2I+62i“’5tl4><1l)+\}Z;gn,keman,k(l3><1l+4><2|)+H~C~ : (27)

Here, wp = A + 4 is the central frequency of the emitted phonon wavepackets and Q(¢) and 6(t) are the strength and
phase of the external driving field, respectively.
In this rotating frame, the ansatz for the single-excitation wavefunction reads

[6() = al1,0) + Be(®)2) (L] +bO) (L + D cni(t)al, ;] 11,0, (28)
n,k

where |1, 0) is the ground state with the SiV center in state |1) and no phonons in the waveguide. Note that this ansatz
does not capture the off-resonant transition |1) — |4) produced by the drive [i.e., the term ~ 2“5t in Eq. (27)]. We
estimate its effect below and show that for the parameters considered in this work, it can be neglected.

From the Schrédinger equation 9y |1(t)) = —iH (t)[1)(t)), we obtain the equations of motion for the amplitudes,

. . . 1 * —ikx
Cnk(t) = —i(wn e — wo)Cn i (t) — zﬁgn’ke k b(t),

Q(t)e )

t) = —i—5

b(t), (29)
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FIG. 1: Comparison of the two driving schemes to implement the spin-phonon interface. (a) A microwave magnetic field drives
the transition |2) — |3), and state |3) subsequently decays to state |1) by emitting a propagating phonon at frequency wo. The
process that drives the transition |1) — |4) is strongly off-resonant for large Zeeman energy wg > ¢ and can be neglected. (b)
The transition |2) — |3) is now driven by two optical fields via the excited state |e, J) of the SiV center. In that case, the
external magnetic field has to be tilted from the symmetry axis of the defect. As a consequence, it opens a decoherence channel
via the direct transition |2) — |1).

The solution for the propagating phonons reads

. t

. 7 . .

Cn i (t) = €7 im0l e, L (t0) — —=g e [ dreTt Cnkme0) (7). (30)
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where tg is an arbitrary time before any phonons interacted with the SiV center. Plugging this result back into the
equation for the excited state amplitude, we obtain

b(t) =idb(t) — iMc(t) ZQ” pehre=ilwn k—wolt K(to) — = Z . Kl / dre~H@n k—wo)(t— T)b( ).
2 \f

(31)

In the present case where the SiV center is driven by phonons of frequencies close to w = 0 (wp in the lab frame), also
the amplitude b(t) is slowly varying, allowing us to perform a standard Markov approximation [7]. This results in

. wo ) z@(t
i) = 15— FG2 oo~ 2ty - 3 [ ok )+ a2 ), (32)

with the phonon-induced decay rate
2 nl?
D) = 203 gual0(w - ws) = 21920

n,k Un
and the input field
@17223/1{ - Z /vn :F'Lk:z —i(Wn, s —w)(t— to)cn k(tO) (34)
k>0

Here, the group velocity v, = dwy k/dk and the coupling constant g, = g, are evaluated at wy and are considered
constant over the frequency range of interest [dw ~ I'(w)] around wy.



~ We now make further simplifications and consider weak and slowly-varying driving fields, i.e., Q(t) < [6+iT'(wo)/2|,
Q(t)/|6 + il (wo)/2| and 6(t) < [0 + iT'(wo)/2|. Given those constraints, one can adiabatically eliminate the higher-
energy state, i.e. b(t) = 0, and obtain

o(t) = — [iws(t) + 7(;)} c(t)= > \/%T(t)e%(t) (@1 (2) + R(2)], (35)

with

_ 2@ 8

T 02+ 2 (wp)/4 + FQ )/4 ZF wo), O(t) = 0(t) + arctan {F(;;O)} (36)

The AC-Stark-shift ws(¢) can be compensated by a corresponding (slow) adjustment of the driving frequency wg(t)
to keep wp constant during the entire driving protocol. Doing so and omitting the constant shift of the drive phase
6(t) — 6(t) for simplicity, one recovers the form introduced in Eq. (7) of the main text.

Residual driving of the transition |1) — |4)

As described by Eq.(27), the microwave field also drives the transition |1) — |4). One can estimate the rate at
which this process takes place by applying the same procedure as above starting from the following ansatz

[0() = a12,0) + Be(®)|1){2] + bB)[4) (2] + D cni(t)a) ;] 12,0, (37)

n,k

where |2, 0) represents the SiV center in state |2) and no phonons in the waveguide. Doing so, one finds

itt) = = [id0) + T2 ) o e 0l0E, o, ()4 05, (0 (39)

with the input fields defined in Eq. (34), the AC-Stark-shift and the effective transfer rate

02(t) 5§ — 2wp
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- 4
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As a consequence, the drive also allows the SiV states to flip from |1) to |2) by emitting a phonon at frequency
wo — 2wp. For large Zeeman splittings, the rate of this process

@ - (52 th(wO — 2OJB)
I't) (6—2wp)? Tpn(wo)

(40)

is strongly suppressed, as long as I'pn(wo — 2wp) =~ I'ph(wo). Therefore, care must be taken to avoid band edges at
frequencies near wy — 2wp.

Optical Raman driving schemes

We now present an alternative driving scheme that makes use of the electronically excited states via an optical
two-tone Raman transition, as depicted in Fig. 1 (b). The corresponding Hamiltonian reads

H= HSiV + th + Harive + Hytrain + Hradv (41)

where H,,q captures the radiative decay of the excited states, Hq;ive describes the optical driving of the excited state
and Hg;v now includes a component of the magnetic field perpendicular to the symmetry axis of the defect (e.g. along
x). The perpendicular field allows one to couple opposite-spin states via optical driving fields [4-6].



Effects of a weak perpendicular magnetic field

Focusing only on the ground-state subspace and the only relevant excited state |E |),

HSiV = _)\SOLzSz + wBSz + waxS:cv

A A —
=S e L= S5 B e t{es 1 (42)
A — A
ey Ier LI+ 2B le e Tl +wrlE NE L,

where wp = V5B, wy = vsBz, and wg is the energy of the excited state. As described in the first section, Eq. (42)
neglects the orbital Zeeman effect and the distortion of the orbital states due to the JT effect.

In the limit of weak perpendicular magnetic field w,/|A — wp| < 1, a small mixing between opposite-spin states
occurs, leading to new eigenstates:

|1>%|67\L>_77+|e,']‘>, wlm_i*‘%_%
N )~ e 1) —n-ler 1) Wy v —Azwp 1
Hsiv = Al +wslEWEL),  ={ | ’ 3 2o, (43
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with
1 w,
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=S A ey 1T (44)

Note that due to the larger spin-orbit interaction in the excited state (~ 250GHz) the effect of B, on |E |) can be
neglected. In this new basis, the strain interaction given in Eq. (24) becomes

Hatrain = Y Gk [J4 +1(14) (3 = [2)(1))] + Hee. (45)
n,k

As a consequence, a magnetic field which is not perfectly aligned with the symmetry axis of the SiV center induces a
finite strain coupling between states |1) <> |2) and |3) <> [4).
Within the same basis, the optical driving fields with frequencies w, and wy are described by

0 0,
Hdrive = (Qd(t)ed(t)e—iwdt + M

5 5 e—iwut> |E [)es ||+ He.

QO (et Q0 (£)eifa (0
_ d( )6 e—zwdt|E \I/><3| _ ( )26

5 n_e B |)(2| + H.c. (46)

The last line is obtained by making a rotating wave approximation valid for large frequency mismatch between the

two drives, i.e. |wg — wy| > Qg u-

Effective 3-level system

To extract the effective rate at which the spin state is transferred to propagating phonons and estimate the dephasing
rates due to the radiative decay of the excited state and the direct strain coupling between state |1) and |2), we apply
the same procedure as the previous section. This time, we work in the rotating frame with respect to

Ho =" woal pans + > wili)i| + 6(|3)(3] + [4)(4]) + 65| B L)(E | |, (47)
n,k 7

and with the drives detuned such that wgy = wg —ws + dp — § and w, = wg — wy + dp [see Fig. 1 (b)]. From the
low-excitation ansatz

[0(1)) = al1,0) + Ble(®)2)(1] + bB)I3)(1] + B@)|E L)1+ ean(t)al, ;,]11,0), (48)

n,k



we derive the Schrodinger equations for the time-dependent coefficients. We approximate the effects of the dipole
interaction (Hyaq) by including a finite lifetime of the excited state |E ) in the form of a radiative decay T'raq (~ 100
MHz), i.c

1

E(t) = (iéE — Fr;d> E(t) — 3 [Qd(t)ewd(t)b(t) — () De(t)]. (49)

We focus on the limit of weak optical drives €, 4(t) < |05 +iltaa/2, |0+iT/2| so that we can adiabatically eliminate
the excited state [E(t) = 0]. Within the Markov approximation, this leads to an effective 3-level system, where

b(t) = — {i[wd(t) -6+ Lad(t) + [(wo)

9 B }b(t) —+ zQL(t) i[0 eff(t)_¢NH]C(t) + F ( ) [(Pln ,L ( ) + (I)m R( )]7

2 n,wo n,wo

[\

(50)

C(t) - _ {zwu(t) + ’ygad(t) + UZF(WB) } C(t) + ZQeff(t) e—i[eeff(t)+¢NH]b<t) + M[@ln L ( )+ oin R ( )]’

2 n,wp n,wp

with the phonon-induced decay rate and input fields defined in Egs. (33) and (34) respectively. The phase ¢ng =
arctan(T';aa/20g) comes from the radiative decay and can be neglected for large detunings 0 > I'raq. Note that in
Egs. (50), we have neglected higher-order virtual processes that couple states |2) and |3) via strain interaction that
are strongly off-resonant for |g, x|?/|A — wp| < T'(wo), ['(wp).

At this stage, we recover the 3-level system utilized within the magnetic driving scheme described above, except
for the AC-Stark shifts of states |2) and |3),

2 Q)
40T +T2 /4 +Frad/4

Q3(1)

(t) = =
Pult) = 162112 /4

wa(t) = 0p (51)
respectively, and additional decay channels. One of the new loss mechanism comes from the radiative decay of the
excited state |E), which affects both states |2) and |3) with respective rates

Q) 1 04
md(t) = 7Fra ) t *71—‘1@ 5
Wrad( ) 4 52 I Frad/4 d ’yrad( ) 4 62 rdd/4 d

(52)
while the finite strain coupling between states |1) and |2) also induces an addition decay channel with rate n°T'(wg)
and incoming noise @g‘B (t). Finally, the effective Rabi frequency driving the transition |2) — |3) is given by

_on= Qa(t)() _ _
Qe (t) = 5 —52 n Frad/4’ Octt () = 0, () — 0a(t). (53)

The viability of this scheme resides in the relative importance of the loss mechanisms compared to the coher-
ent dynamics. More precisely, the phonon-assisted transfer rate of state |3) has to overcome its radiative decay,
ie. T'(wo) > ~L4(t), while the other loss mechanisms as to be overcome by the final spin-state transfer rate,

ie. () ~ %F(wo) > 4 4@),n°T(wp). As an example (all rates are divided by 27), for Rabi frequencies
Q4 ~ Q, /2 ~ 2.5 GHz, detunings dg ~ 30 GHz and 6 ~ 30 MHz, a radiative decay rate I';,q ~ 100 MHz, and a ratio
n— ~ 0.1, the different maximal rates are

72 4 ~ 150 kHz < T'(wp) ~ 2MHz, Ay ~ TkHz, n°T(wp) ~ 40kHz < v ~ 250 kHz. (54)

Here, we use I'(wp) ~ T'(wg) ~ 1 MHz. Using optical driving should thus be a viable route to achieve a fully
controllable spin transfer into a propagating phonon.

INPUT-OUTPUT FORMALISM

In this section, we extend the previous calculations to multiple SiV defects and recover the input-output relations
stated in the main text. We first start by considering an infinite waveguide, where we explicitly derive how the input
field of a given center is related to the output field of the others. In this scenario, we estimate the effects of phonon
scattering by undriven defects. Finally, we close the section by considering the effects of waveguide boundaries.



Infinite waveguides

The coherent dynamics of the SiV ensemble is governed by the Hamiltonian given in Eq. (2) in the main text, which
in the rotating frame defined in Eq. (26) reads

H= Z Wnk — W0)al an, + Z Héf T Z [Qn v ia, v J7 + He. } (55)

n,k 7.k
with

Q;(t)e?s ™

HG = 5,036+ 1 ah + | el + He . (56)

In this frame, the single-excitation ansatz considered in the main text, [4(t)) = [al + BCT(t)]|1,0), is now defined
with

CTt) =D [0 +b;0)13); 1 + Y cnnl)al 4], (57)
n,k

j=e,r

where |1,0) is the ground state with all SiV centers in state |1) and no phonon in the waveguide. In Eq. (57), we only
kept the two driven centers, i.e. the emitting (e) and receiving (r) one.
The equations of motion for the different amplitudes are

Cnk(t) = —i(Wnk — wo)enk(t) — &(gn R) e b (t) — iﬁ(gﬁ,k)*e’ik“br(t%

Q(t)e= 0™

&(t) = —i===——b;(#), -
. i Q.(t eiej(t) .
b](t) :Za‘]bj(t)il% / 72725]71 kek ]an )

We again apply the same procedure as in the previous sections, i.e., we first exactly solve the equation for ¢, x(t),
insert the solution in the equation for b;(t) and then perform a Markov approximation. Doing so for the receiving
defect and taking z, > x., we obtain

1 . FT’((“)O) ‘QT(t)ewr(t) : an(o.)(]) Un ikz, —i(wn p—wo)(t—t
bT(t):[usr—Q br(t)—z#cr(t)—z;; ey ee (@nemwo)(t=to) e, ()

-y o) Penlet) vy ¢ - ), (59)

with 720 = (z, — x.)/vn. We recall that g,  is taken to be real without loss of generality and ¢y is a time in the past
before the two SiV defects have interacted with incoming wavepackets.

The final step is to adiabatically eliminate the higher-energy state [bj(t) = 0] for both SiV centers and insert the
result in the equation for ¢;(¢), which leads to the final form

:| Z\/%‘T —i0,.(t) (I)lnL )+©;nr}hR(t)+q):‘?Ztt(t)] (60)

Here, the AC-Stark shift ws ., the effective transfer rate «,,(¢) and the shifted driving phase 0,(t) are all defined
in Eq. (36) by taking @ — Q, and § — 0,. The left- and right-propagating input fields are respectively (6 — 6 for
simplicity)

er(t) = = Jiws

(I)mL _ZZ / ’fl —zkane t(wn,x—wo) (t— to)c k(t())

k>0

in, 71 ethwr o—i(w w, ent Tgr P 7o) Jikn (xr—x
<I> R _ZZ / ik o —i(wn,k—wo)(t— to)c K(to) + i (2 ) 0o (t=77,) gikn (2 — e)

k>0

(61)
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while ®3%*(t) describes back-scattered fields from undriven centers; its expression and effects are described below.
In terms of input-output formalism, we can recast the right-propagating input field as

, n . on(t) .
QIR = BUIR(E - ) @R = el () 1 2aW o, (62)

er

with ¢7. = kn(z, — x.); as stated in the main text.

Reflection at the boundaries

So far, we have considered an infinite waveguide, therefore leading to free propagating wavepackets as input fields
P (t) and ;R (t), as described in Eq. (61). For finite waveguides, as in the main text, one needs to specify how
the propagating phonons behave at the boundaries. For hard reflections, we have

P = —VRa BN (E = T D) = — VR BTt - 7)e' (63)

where the delay times are 77" = 2z, /vy, 7" = 2(L —x,) /v, and the phases ¢7 = 2k, z., ¢ = 2k, (L —x,.). We capture

T
losses at those boundaries by introducing the reflectivity R,, < 1. By mapping the resulting losses on an exponential

decay, one can estimate the corresponding quality factor @), i.e.

Aw,,

L
= in = —log(Ry) 7 = — log(R,) =" (64)
m

Rn = —rnL/vn = = ﬂ = T 5 N _
¢ ’ @ Ko log(Ry) vpn’

For example, L = 100 um, v; = 0.7 x 10* m/s, wy = 27 x 46 GHz and R; = R; = 0.92, as in Fig. 3 of the main text,
corresponds to @ ~ 4.95 x 10%.

Scattering from undriven centers

As mentioned above, the last term in Eq. (60),

. 1 I, n(wo) | R (WO) Iy aan _an!
q)scatt 1) = — \/ ) ) éoutﬁL t— "N (Pl —dl,.) 65
rm ( ) ¢ ; 5@ +4l, (WO)/2 2 2 rmn ( Ter Ter)e ’ ( )

represents incoming fields that have been previously emitted by the receiving SiV and scattered back by the emitting
center. Note that the amplitude of the scattered field does not depend on the drive applied on the emitting center.
Therefore, such scattering process can occur at any defects along the waveguide. To avoid unwanted scattering during
the state-transfer protocol, it is thus important to always work in the far detuned regime 6; > I';(wo).

STATE-TRANSFER FIDELITY

In this section, we give additional details about the state-transfer protocol presented in the main text. More precisely,
we show how the single-mode limit can be approximately described by a Jaynes-Cumming type interaction and how
the fidelity is affected by the difference between the phases gathered by both phonon branches upon propagation in
the multimode case.

Constant driving of both centers

We first focus on the scenario where the drives on both defects are constant, ve(t) = 7, (t) = Ymax. In this case, the
state transfer is performed over multiple round-trips along the waveguide. For small structures (L ~ 100 um) with
high quality factor (Q ~ 10%), this results in a state transfer via standing-wave modes that are well-resolved in the
frequency domain [cf. Fig. 2 (b)].
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FIG. 2: State transfer for constant driving of the SiV centers. (a) Fidelity as a function of time for two different scenarios.
The black dot-dashed line corresponds to both phonon branches being off-resonant, while the dashed red line corresponds to
only the transverse being resonant. In the latter case, the state transfer can be approximate by a single-mode effective model,
as shown by the full blue line. (b) Corresponding density of states of the transverse (full green) and longitudinal (dashed blue)
mode for the off-resonant and single-mode scenarios. (c) Schematic of the state transfer with constant drives. (d) Fidelity as a
function of the phase gathered during propagation between both defects by the transverse (¢%,) and longitudinal (¢%,) modes.
The red and black circles correspond to the off-resonant and single-mode scenario respectively. For all results, we consider
maximal coupling of the two centers to both modes (¢p7 = ¢ = 7), a frequency splitting Aw:/ymax = 140 and a reflectivity
R =0.92. (see main text)

Single-mode limit

For a drive frequency tuned so that wq is near resonant with a single frequency-resolved mode, as shown in the right
graph of Fig. 2 (b), we can neglect the effects of all other modes and use an effective single-mode description. To do
so, we redo the quantization procedure outlined above, but using a mode expansion in terms of standing waves. We
obtain the quantized displacement field

~ h t

a(r) = kz Mo Uy 1. (Y, 2) (an’k + an,k) cos(kx), (66)
n

where compared to the plane-wave decomposition [c.f. Eq. (16)], the zero-point fluctuation is increased by a factor

V/2 and the sum runs over positive k vectors with Ak = 7 /L. In this standing-wave basis and following a standard

rotating wave approximation, the strain coupling reads

2 2
Hgtrain = 1/ 7 ngk sin(kx)Jyanr +He. =4/ T 9tk sin(kiz)J1a + Hec., (67)
n,k

where g, 1, is defined in Eq. (23) as before. The last expression is valid in the single-mode limit where the transverse
mode with k-vector k; is resonant, i.e. a = as ,.

In presence of a far-detuned weak microwave field driving the transition [2) — |3) [cf. Eq. (27)], the effective
Hamiltonian describing the center as an effective 2-level system coupled to a single phonon mode reads

/2 Q
H =éa'a —igoya+Hec., with g= thQL(; sin(k.x), (68)
where o = |2)(1| and § = wo — wyk, is the detuning between the emitted phonon and the standing-wave mode

frequency. Here, we have adiabatically eliminated the higher energy state |3) and explicitly considered a time-
independent drive. Generalized to the case of a receiving and an emitting center at positions x, and z., respectively,
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we obtain

H — sat . /2 gg,thj .
sm. = 0a'a+ geoe 1a+ gror ya+ Hee., Soogi= T 2. sin(kex;). (69)
j

In Fig. 2 (a), we compare time evolution obtained from this effective model with § = 0 to the full calculation
presented in the main text. In the full calculation, the decay rate into the transverse mode, in the limit of large
detuning § > I'(wyp), is [cf. Eq. (36)]

03 /4 02 gl 12
o T P () A TR 70
Vit 62 + T2 (wp) /4 3+(wo) 202 v, (70)

Given that 7, = Ymax/2, the comparison becomes adequate by using

’ymawa . U ’Ymax .
lgjl =1/ ?t sin(kexj) = 4/ t2L sin(kex;), (71)

as supported by Fig. 2 (a). The discrepancy between the two approaches comes from the contribution of the detuned
longitudinal and transverse modes.

In order to get more insights regarding the state transfer time and the effect of losses, we now explicitly solve the
state evolution under the single-mode dynamics described by Eq. (69). Focusing on the low-excitation wavefunction

[¥(0) = al0) + Y [¢j(t)oj+ + ¢p(t)al]]0), (72)

Jj=e,r

the time evolution is given by
Ohe;(t) = —igep(t),  Oicp(t) = —(i6 — k/2)cp(t) —igler(t) + c2(t)]. (73)

Here, we have considered g. = g, = g for simplicity and modeled the loss by a dissipation term for the phononic mode
[cf. eq. (64)]. Including the initial conditions c.(0) = 1 and ¢, (0) = ¢,(0) = 0, the solutions read

9 —io_t 9 —idgt
e t = ]. - - ]. — C— +r— ]. B
celt) =1+ e (e )=o)
cr(t)=—-14 cﬁ(e‘i@*t +1)— cﬁ(e‘ii’*t +1), (74)
w_ W4
cp(t) = ce -t _ peTiB+t
with
5 K 1 Ko\ 2 171 17"
YRR AP ¥ PR P R 5
YET 9T \/g+4 ) e e QgLD @J (75)

For the resonant scenario plotted in Fig. 2 (a) (red dashed and blue full curve), § = 0 and k ~ g, one gets
1
ler(t)? = 1[1 — cos(V2gt)e 42, (76)

The state transfer time is thus 7, = —— and the fidelity F' ~

NeT (14 e /%2, For Aw;/Vmax = 140 and R = 0.92, as
in Fig. 2 (a), it leads to F' =~ 0.68.

1
4

Multimode limit

In the limit where both branches are off-resonant, as pictured in the left graph of Fig. 2 (b), the single-mode picture
fails. In that limit, not only the phases ¢7 and ¢ that determine the effective coupling strength of the SiV centers to
the mode n matter, but also the phase that each mode acquires by traveling the waveguide, ¢7., becomes relevant. In
Fig. 2 (d), we plot the state-transfer fidelity as a function of ¢%, and ¢!, for the particular case ¢7 = ¢” = 7. We see
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that the fidelity is maximal when both mode are in-phase, while the fidelity goes to zero when the phase difference is
Aper = 7.

In the limit case where wy is maximally detuned from the modes of both branches n and that all the phases are
identical, we can approximate the dynamics using a strongly detuned single-mode model as described by Eq. (69)
with 6 = Aw,;/2 and add independently the contribution of the four closest modes [two per branches, see Fig. 2 (b)].

For § = Aw;/2 > g, the solution of Egs. (74) becomes

1 g2 2

. 2
e ()] = 7 L= et Rm i (77)

In this single mode case, the state transfer time is T, = ”fg“;f and the fidelity reads

4 2
Frl- ALM%HTQ ~R. (78)

This result successfully applies to the case where four modes contribute as in the full calculation shown in Fig. 2 (a)
(black dash-dotted curve). The effects of the four modes are to divide by four the transfer time T, /4, but also leads
to four independent dissipative channels, therefore multiplying by four the decay rate.

The total fidelity, including the dephasing rate (1/T5) of the SiV centers in the multimode case finally reads

WAwt

F~R-— .
169271y

(79)

Time dependent driving

In this final section, we focus on protocols where the drive on the emitting center is gradually turned on with a
fixed pulse e (t)/Ymax = min{1, e®=5%)/t} while +,.(t) and 6,.(t) are constructed numerically by minimizing at every
time steps the magnitude of the back-reflected transverse field |®;"""

In a scenario where only the transverse branch contributes and where any retardation effects are negligible, this
protocol leads to a perfect unidirectional state transfer where all signal emitted toward the receiving center is absorbed.
However, in the more realistic scenario where also the longitudinal field is excited, such a driving scheme does not
assure the suppression of the total reflected signal as |<I>?ut’L can be finite. In what follows, we estimate the conditions
in which this protocol leads to high-fidelity state transfers in the general multimode case.

In the simplest limit where retardation times are negligible, the left-propagating output field of the receiving center
reads

i n,r t L
BT (1) = DI (t) 4 | ’2( )cr(t)ew’(t),
n o (t ,
— MR (1)e'r + Inirkt) ’2( )c,«(t)ew”(t),

(80)

2 2

(BT 1 —etor
7R T er —
= —q’?fet (t)eiPrtod) 4 >

i n,r t i 1™ n,r t i
(I)}rﬁ;‘R(t) + Tn, ( )cT(t)ewT(t)] 61¢“" + In, ( )Cr(t)ewT(t)7

o (t)cr(t)ewr(t).

Here, we have considered that the SiV center is equally coupled to both modes (87 = 0.5) so that 7, ,(t) = v, (t)/2.
For simplicity, we consider an idealized case of an infinite waveguide where all the reflected signal ®9%" never
reaches back the emitting center. In that case, the output field of the emitter simplifies to (82 = 0.5)
POUutR () — pinR (4 Yn,e(t) £ eibe(®)
n,e ()_ n,e()—’_ 2 CG( )6 )

- n t .
— —(PZEI‘:’L(t)ew)E + Vn,e( )Ce(t)ezee(t)7

2 (81)
1 — ei¢2 .
=5 Ye(t)ee(t)ee®)
1 — eite
=% “30).

2
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FIG. 3: State transfer fidelity with time-varying driving as a function of the position of the centers. (a) Fidelity estimation
from the left-propagating longitudinal output field from the receiving center, as described by r; in Eq. (83). (b) Full simulation
in the case of an infinite waveguide where all left-propagating emitted field by the receiving center is lost. (c¢) Simulation in
the case of a lmm waveguide (Aw; = 14). The center position dz. = dz, = 0 corresponds to ¢¢ = ¢ = 7w and we chose
@4 — ¢4 = 0. The other parameters used are as in Fig. 3 (e) of the main text.

For a perfectly fulfilled dark-state condition [®"""| =0, i.e.

sin(ge /2)

V(D (t)e’ ) = W‘I’(t)ewi/2 S b = ¢+ b+ 20, (82)
the left-propagating longitudinal signal becomes
t,L 2 . . 2
r = (blo;:’ (t) — _ Sln( 7é/2) Sln(¢’lr‘/2) ez(tﬁtL—(Z)lL)/Q (83)
O(t) sin(¢}, /2) sin(¢ /2) sin(¢./2) ’

cos[(¢f, — ¢1,)/2].

n sin’(¢}/2) sin®(¢},/2) _ 5 $in(¢e/2) sin(g;./2)
sin(¢/2) sin*(gL/2)  sin(/2) sin(¢}/2)

This results indicate how much signal is emitted in the longitudinal branch when a perfect suppression of the transverse
wave occurs. In the infinite waveguide limit, this signal is completely lost and gives a good estimation of the state
transfer fidelity.

One can distinguish two phenomena contributing to the emitting signal. There is the intra-band interference which
determines the effective emission rate of each centers into the difference mode, 7;,, = 27, sin®(¢7/2), and is captured
by the second term of Eq. (83). Finally, there is the inter-band interference responsible for the third term. It roughly
indicates how efficient the driving on the emitting center is to also suppress the emission in the longitudinal branch.

In Fig. 3, we show the robustness of the state transfer protocol for variations in the positioning of the emitting (x.)
and receiving (§x,) SiV centers for ¢t — ¢} = 0, where dz,. = dz. = 0 corresponds to maximal couplings ¢ = ¢"* = 7.
We consider the case of an infinite waveguide where Eq. (83) gives the proper intuition. Already at this level, the
fidelity is robust for small variations, as predicted by a small displacement expansion

(ki = ke)?

1 (622 + 522)%. (84)

T~

Finally, we compare to the finite waveguide case, where emitted field in the longitudinal mode can be reabsorbed

after round trips within the waveguide. In that case, the protocol becomes more robust and we recover the results
shown in Fig. 3 of the main text.
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